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ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ

I ñåìåñòð

ÒÈÏÎÂÎÉ ÐÀÑ×ÅÒ

ÐÅØÅÍÈÅ ÒÈÏÎÂÛÕ ÇÀÄÀ×

Çàäà÷à 1

Ðåøåíèå çàäà÷è îñíîâàíî íà íåïîñðåäñòâåííîì èñïîëüçîâàíèè îïðå-
äåëåíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè:

lim
n→∞

un = A ⇔ ∀ε > 0 ∃N(ε) : ∀n > N(ε) ⇒ |un − A| < ε.

Ïðèìåð 1

Ñ ïîìîùüþ îïðåäåëåíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè ïîêàçàòü, ÷òî
ïîñëåäîâàòåëüíîñòü un = (2n − 1)/(n + 1) ïðè n → ∞ èìååò ñâîèì
ïðåäåëîì ÷èñëî 2. Íàéòè öåëîå çíà÷åíèå N , íà÷èíàÿ ñ êîòîðîãî
|un − A| < 10−2.
Ðåøåíèå

Ðàññìîòðèì íåðàâåíñòâî

|un − 2| =
∣∣∣∣2n− 1

n + 1
− 2

∣∣∣∣ =

∣∣∣∣ −3

n + 1

∣∣∣∣ < ε, n− íàòóðàëüíîå,

îòêóäà n > ε/3 − 1. Ñëåäîâàòåëüíî, ∀ε > 0 ∃N(ε) = [3/ε − 1]: ∀n >

N ⇒ |un − 2| < ε, ãäå êâàäðàòíûå ñêîáêè îáîçíà÷àþò öåëóþ ÷àñòü
÷èñëà. Ò.î., ÷èñëî 2 ÿâëÿåòñÿ ïðåäåëîì ïîñëåäîâàòåëüíîñòè. Ïóñòü
òåïåðü ε = 10−2. Òîãäà N(1/100) = [3/0, 01− 1] = [300− 1] = 299.
Çàäà÷à 2

Ïðè ðåøåíèè çàäà÷ 2à è 2á ðåêîìåíäóåòñÿ ïîëüçîâàòüñÿ I è II çà-
ìå÷àòåëüíûìè ïðåäåëàìè:

lim
x→0

sin x

x
= 1, lim

x→0
(1 + x)

1
x = e.

Ïðèìåð 2

Íàéòè ïðåäåë A = lim
x→0

(cos 2x)
1
x2 .

Ðåøåíèå

lim
x→0

(cos 2x)
1
x2 = lim

x→0
(1 + (cos 2x− 1))

1
x2 = lim

x→0
(1− 2 sin2 x)

1
x2 =
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= lim
x→0

(1− 2 sin2 x)
−1

2 sin2 x
·−2 sin2 x

x2 = lim
x→0

[
(1− 2 sin2 x)

−1
2 sin2 x

]−2 sin2 x
x2

= e−2.

ò.ê. âûðàæåíèå â êâàäðàòíîé ñêîáêå ñòðåìèòñÿ ê ÷èñëó e ïî I çàìå-
÷àòåëüíîìó ïðåäåëó, à âûðàæåíèå â ïîêàçàòåëå � ê ÷èñëó −2 ïî II
çàìå÷àòåëüíîìó ïðåäåëó.
Çàäà÷è 3, 4

Ýòè çàäà÷è ÿâëÿþòñÿ ñòàíäàðòíûìè çàäà÷àìè äèôôåðåíöèðîâà-
íèÿ. Äëÿ âû÷èñëåíèÿ y′(x) íåîáõîäèìî çíàòü:

• ïðîèçâîäíûå îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé;

• ïðàâèëà äèôôåðåíöèðîâàíèÿ ñóììû, ðàçíîñòè, ïðîèçâåäåíèÿ
è ÷àñòíîãî;

• ïðàâèëî äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè (ïðàâèëî "öå-
ïî÷êè").

Ïðàâèëî "öåïî÷êè"

Ïóñòü ñëîæíàÿ ôóíêöèÿ y(x) çàäàíà öåïî÷êîé ðàâåíñòâ:

y = f(u), u = g(t), t = p(x) èëè y(x) = f(u(t(x)))

(öåïî÷êà ìîæåò áûòü ïðîèçâîëüíîé äëèíû). Â ýòîì ñëó÷àå

y′(x) =
df

du
· du

dt
· dt

dx
. (1)

Ïðèìåð 3

Íàéòè ïðîèçâîäíóþ y′(x) :

y = sin
(
ln
(√

1 + x2 − x
))

.

Ðåøåíèå

Ïîëàãàåì t =
√

1 + x2 − x, u = ln t, y = sin u. Ñîãëàñíî ôîðìóëå (1)
èìååì

y′(x) =
dy

du
· du

dt
· dt

dx
= cos u · 1

t
·
(

x√
1 + x2

− 1

)
=

= − 1√
1 + x2

· cos
(
ln
(√

1 + x2 − x
))

.
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Ìîæíî íå ââîäèòü ïðîìåæóòî÷íûå ôóíêöèè è ñðàçó íàïèñàòü:

y′ = cos
(
ln
(√

1 + x2 − x
))

·
(
ln
(√

1 + x2 − x
))′

=

ïðîäèôôåðåíöèðîâàëè ñèíóñ, óìíîæèëè íà ïðîèçâîäíóþ àðãóìåí-
òà:

= cos
(
ln
(√

1 + x2 − x
))

· 1√
1 + x2 − x

·
(√

1 + x2 − x
)′

=

ïðîäèôôåðåíöèðîâàëè ëîãàðèôì è óìíîæèëè íà ïðîèçâîäíóþ àð-
ãóìåíòà. Íàøëè ïðîèçâîäíóþ àðãóìåíòà ëîãàðèôìà:

cos
(
ln
(√

1 + x2 − x
))

· 1√
1 + x2 − x

·
(

x√
1 + x2

− 1

)
=

= − 1√
1 + x2

· cos
(
ln
(√

1 + x2 − x
))

.

Ïðèìåð 4

Íàéòè ïðîèçâîäíóþ y′(x) :

y(x) = arcsin
(√

1− ex
)
.

Ðåøåíèå

Èìååì

y′ =
1√

1− (1− ex)
·
(√

1− ex
)′

=
1√
ex
· 1

2
√

1− ex
·(1− ex)′ = −

√
ex

2
√

1− ex
.

Çàäà÷à 5

Äàííàÿ çàäà÷à ñâÿçàíà ñ âû÷èñëåíèåì ëîãàðèôìè÷åñêîé ïðîèçâîä-
íîé. Ïóñòü çàäàíà ôóíêöèÿ y = f(x). Èìååì:

ln y = ln f(x),
1

y(x)
· y′(x) = (ln(f(x)))′,

ñëåäîâàòåëüíî:
y′(x) = y(x) · (ln(f(x)))′. (2)

Ôîðìóëà ëîãàðèôìè÷åñêîé ïðîèçâîäíîé óïðîùàåò íàõîæäåíèå ïðî-
èçâîäíîé, åñëè ôóíêöèÿ ln(f(x)) äèôôåðåíöèðóåòñÿ ëåã÷å, ÷åì èñ-
õîäíàÿ ôóíêöèÿ f(x) (f(x) ñîäåðæèò ïðîèçâåäåíèÿ, ÷àñòíîå, ñòåïå-
íè è óäîáíà äëÿ ëîãàðèôìèðîâàíèÿ).
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Ïóñòü, íàïðèìåð, ôóíêöèÿ çàäàíà â âèäå:

y = f(x) ≡ (f1(x))a(x) (f2(x))b(x)

(f3(x))c(x) .

Â ýòîì ñëó÷àå

ln (f(x)) = a(x) ln (f1(x)) + b(x) ln (f2(x))− c(x) ln (f3(x))

è, ñîãëàñíî ôîðìóëå (2),

y′ = y(x) [a(x) ln (f1(x)) + b(x) ln (f2(x))− c(x) ln (f3(x))]′ .

Äèôôåðåíöèðîâàòü êàæäîå ñëàãàåìîå âíóòðè ñêîáîê ïðîùå, ÷åì
äèôôåðåíöèðîâàòü èñõîäíóþ ôóíêöèþ.
Ïðèìåð 5

Íàéòè ïðîèçâîäíóþ ôóíêöèè

y =
(1 + x2)2x · sin2 x√

1 + ln x
.

Ðåøåíèå

Èìååì ln y = 2x ln
(
1 + x2)+ ln sin2 x− 1

2
ln (1 + ln x) ;

y′

y
= 2 ln

(
1 + x2)+

4x2

1 + x2 + 2 · cos x

sin x
− 1

2 (1 + ln x)
· 1

x
.

Îòñþäà íàõîäèòñÿ ïðîèçâîäíàÿ y′.
Çàäà÷à 6

Â ýòîé çàäà÷å òðåáóåòñÿ íàéòè ïðîèçâîäíóþ ôóíêöèè, çàäàííîé ïà-
ðàìåòðè÷åñêè. Ïóñòü ôóíêöèÿ y(x) çàäàíà ïàðàìåòðè÷åñêè:{

x = x(t);

y = y(t).

Äëÿ åå ïðîèçâîäíîé ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà:

y′x =
y′t
x′t

. (3)

Ïðèìåð 6

Íàéòè ïðîèçâîäíóþ ôóíêöèè y(x), çàäàííîé ïàðàìåòðè÷åñêè:{
x = sin4 t;

y = cos4 t.
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Ðåøåíèå

Èìååì:
x′t = 4 sin3 t · cos t; y′t = −4 cos3 t · sin t.

Ïî ôîðìóëå (3) íàõîäèì:

y′x =
− 4 cos3 t · sin t

4 sin3 t · cos t
= − ctg2 t.

Çàäà÷à 7

Íàéòè ïðîèçâîäíóþ ôóíêöèè, çàäàííîé íåÿâíî. Ïóñòü óðàâíåíèå

F (x, y) = 0

îïðåäåëÿåò íåÿâíûì îáðàçîì íåêîòîðóþ äèôôåðåíöèðóåìóþ ôóíê-
öèþ y(x). Äëÿ åå ïðîèçâîäíîé ñïðàâåäëèâà ôîðìóëà:

y′(x) = − F ′
x(x, y)

F ′
y(x, y)

. (4)

Çäåñü F ′
x è F ′

y ïðîèçâîäíûå ôóíêöèè F (x, y) ïî ïåðåìåííîé x è y

ñîîòâåòñòâåííî (ïðè äèôôåðåíöèðîâàíèè ïî x ïåðåìåííàÿ y ñ÷èòà-
åòñÿ ïîñòîÿííîé è íàîáîðîò).
Ïðèìåð 7

Íàéòè ïðîèçâîäíóþ y′(x) íåÿâíîé ôóíêöèè y(x) îïðåäåëåííîé óðàâ-
íåíèåì:

x2y − sin
(
x− y3)− 5 = 0.

Ðåøåíèå

Èìååì:
F (x, y) = x2y − sin

(
x− y3)− 5;

F ′
x = 2xy − cos

(
x− y3) ; F ′

y = x2 − cos
(
x− y3) · (−3y2)

è ïî ôîðìóëå (5) íàõîäèì:

y′ = − 2xy − cos(x− y3)

x2 + 3y2 cos(x− y3)
.

Ïðîèçâîäíóþ y′ ìîæíî íàéòè, íå ïðèáåãàÿ ê ôîðìóëå (4).
Ïðèìåð 8

Íàéòè ïðîèçâîäíóþ y′ ôóíêöèè, çàäàííîé íåÿâíî óðàâíåíèåì:

x2y3 − xy + sin y = 0.
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Ðåøåíèå

Ôóíêöèÿ y(x) îïðåäåëÿåòñÿ èñõîäíûì óðàâíåíèåì, ïîýòîìó, åñëè
ïîäñòàâèòü åå âìåñòî y â ëåâóþ ÷àñòü ðàâåíñòâà, ïîëó÷èì òîæäåñòâî

x2y3(x)− xy(x) + sin y(x) ≡ 0. (5)

Ïðîäèôôåðåíöèðóåì ëåâóþ ÷àñòü ðàâåíñòâà (5) ïî ïðàâèëó äèô-
ôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè:

2xy3(x) + 3x2y2(x) · y′(x)− y(x)− xy′(x) + cos y(x) · y′(x) ≡ 0.

Îòñþäà ëåãêî íàõîäèì y′:

y′ =
y − 2xy3

3x2y2 − x + cos y
.

Äèôôåðåíöèðóÿ ðàâåíñòâî åùå ðàç, ìîæíî íàéòè y′′ è ò.ä.
Çàäà÷è 8, 9

Âû÷èñëèòü ïðåäåë ïî ïðàâèëó Ëîïèòàëÿ. Ïðàâèëî Ëîïèòàëÿ èñ-
ïîëüçóåòñÿ ïðè âû÷èñëåíèè ïðåäåëîâ, ñîäåðæàùèõ íåîïðåäåëåííî-
ñòè òèïîâ 0

0 ,
∞
∞, à òàêæå íåîïðåäåëåííîñòåé, ñâîäÿùèåñÿ ê óêàçàí-

íûì òèïàì.
Ïðèìåð 9

Íàéòè ïðåäåë A = lim
x→0

arcsin x2

ln2(1 + x)
.

Ðåøåíèå

Íåîïðåäåëåííîñòü òèïà 0
0 . Èñïîëüçóåì ïðàâèëî Ëîïèòàëÿ:

A = lim
x→0

(
arcsin x2)′(
ln2(1 + x)

)′ = lim
x→0

2x√
1− x4

· (1 + x)

2 ln(1 + x)
=

= lim
x→0

2(1 + x)√
1− x4

· lim
x→0

x

ln(1 + x)
= 2 lim

x→0

x

ln(1 + x)
.

Ñíîâà èìååì íåîïðåäåëåííîñòü òèïà 0
0 . Ïîâòîðíî ïðèìåíÿåì ïðà-

âèëî Ëîïèòàëÿ:

A = 2 lim
x→0

(x)′

(ln(1 + x))′
= 2 lim

x→0
(1 + x) = 2.

Ïðèìåð 10

Íàéòè ïðåäåë A = lim
x→+0

ln x

x−2 .



9

Ðåøåíèå

Íåîïðåäåëåííîñòü òèïà ∞
∞. Ïðèìåíÿåì ïðàâèëî Ëîïèòàëÿ:

A = lim
x→+0

(ln x)′

(x−2)′
= lim

x→+0

− x2

2
= 0.

Ïðèìåð 11

Íàéòè ïðåäåë A = lim
x→0

(
1

x
− 1

sin x

)
.

Ðåøåíèå

Íåîïðåäåëåííîñòü òèïà ∞ − ∞. Ïðåîáðàçóåì ê íåîïðåäåëåííîñòè
òèïà 0

0 è ïðèìåíèì äâàæäû ïðàâèëî Ëîïèòàëÿ:

A = lim
x→0

sin x− x

x sin x
= lim

x→0

cos x− 1

sin x + x cos x
= lim

x→0

− sin x

2 cos x− x sin x
= 0.

Ïðèìåð 12

Íàéòè ïðåäåë A = lim
x→∞

x · ln
(

1 + x

x

)
.

Ðåøåíèå

Íåîïðåäåëåííîñòü òèïà 0·∞. Ïðåîáðàçóåì ê íåîïðåäåëåííîñòè òèïà
0
0 è ïðèìåíèì ïðàâèëî Ëîïèòàëÿ:

A = lim
x→∞

ln
(
1 + x−1)
x−1 = lim

x→∞

(
1 + x−1)−1 ·

(
−x−2)

(−x−2)
=

= lim
x→∞

1

1 + x−1 = 1.

Ïðèìåð 13

Íàéòè ïðåäåë A = lim
x→0

(cos x)1/x .

Ðåøåíèå

Íåîïðåäåëåííîñòü òèïà 1∞. Ïðåîáðàçóåì ê íåîïðåäåëåííîñòè òèïà
0
0 è ïðèìåíèì ïðàâèëî Ëîïèòàëÿ:

A = lim
x→0

eln(cos x)/x = eB; B = lim
x→0

ln(cos x)

x
;

B = lim
x→0

− tg x

1
= 0 ⇒ A = e0 = 1.

Çàäà÷à 10

Ðàçëîæèòü ôóíêöèþ ïî ôîðìóëå Òåéëîðà. Åñëè x0 6= 0, ïîëåçíî
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ñäåëàòü çàìåíó x − x0 = t è äàëåå âîñïîëüçîâàòüñÿ ðàçëîæåíèÿìè
îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé.
Ïðèìåð 14

Ðàçëîæèòü ïî ôîðìóëå Òåéëîðà ôóíêöèþ y =
5x− 8

3x + 12
â îêðåñòíîñòè

òî÷êè x0 = 2 äî o((x− 2)4).

Ðåøåíèå

Äåëàåì çàìåíó x− 2 = t; x = 2 + t :

y =
10 + 5t− 8

6 + 3t + 12
=

2 + 5t

18
· 1

1 + t/6
.

Èñïîëüçóåì ñòàíäàðòíîå ðàçëîæåíèå:

=
2 + 5t

18

(
1− t

6
+

t2

62 −
t3

63 +
t4

64 + o(t4)

)
=

=
1

9
+

7

27
t− 7

162
t2 +

7

972
t3 − 7

5832
t4 + o(t4).

Âîçâðàùàÿñü ê ñòàðîé ïåðåìåííîé, îêîí÷àòåëüíî íàõîäèì:

y =
1

9
+

7

27
(x− 2)− 7

162
(x− 2)2 +

7

972
(x− 2)3 − 7

5832
(x− 2)4+

+o
(
(x− 2)4

)
.

Ïðèìåð 15

Ðàçëîæèòü ïî ôîðìóëå Òåéëîðà ôóíêöèþ

y = (2x2 − 3x) · ln(7x + 8)

â îêðåñòíîñòè òî÷êè x0 = −1 äî o((x + 1)4).

Ðåøåíèå

Äåëàåì çàìåíó x + 1 = t; x = t− 1 :

y =
[
2(t2 − 2t + 1)− 3t + 3

]
· ln(1 + 7t) =

(
2t2 − 7t + 5

)
· ln(1 + 7t).

Èñïîëüçóåì ðàçëîæåíèå äëÿ ëîãàðèôìà:

y = (2t2 − 7t + 5) ·
[
7t− 72t2

2
+

73t3

3
− 74t4

4
+ o

(
t4
)]

=

= 35t− 73

2
t2 +

73 · 601

6
t3 − 74 · 607

12
t4 + o

(
t4
)
;
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Âîçâðàùàåìñÿ ê ïåðåìåííîé x:

y = 35(x + 1)− 73

2
(x + 1)2 +

73 · 601

6
(x + 1)3 − 74 · 607

12
(x + 1)4+

+o
(
(x + 1)4

)
.

Çàäà÷è 12, 13, 14, 15

Ïîñòðîèòü ãðàôèêè ýëåìåíòàðíûõ ôóíêöèé.
Ïðèìåð 16

Ïîñòðîèòü ãðàôèê ôóíêöèè y =
x3 + 3x2 + 15x + 18

x2 + 5x + 6
.

Ðåøåíèå

Îáëàñòü îïðåäåëåíèÿ: x 6= −2; x 6= −3 (íóëè çíàìåíàòåëÿ).
Ôóíêöèÿ èìååò âèä y = P (x)/Q(x). Òàê êàê P (−2) = −8 6= 0,

P (−3) = −27 6= 0 , òî ïðÿìûå x = −2 è x = −3 ÿâëÿþòñÿ âåðòèêàëü-
íûìè àñèìïòîòàìè. Ïðè ýòîì çíà÷åíèå ôóíêöèè ñòðåìèòñÿ ê −∞
êîãäà x ñòðåìèòñÿ ê −2 ñïðàâà èëè ê −3 ñëåâà (ýòî ëåãêî îïðåäåëÿ-
åòñÿ ïî çíàêàì ÷èñëèòåëÿ è çíàìåíàòåëÿ â îêðåñòíîñòè óêàçàííûõ
òî÷åê). Àíàëîãè÷íî, çíà÷åíèå ôóíêöèè ñòðåìèòñÿ ê +∞ êîãäà x

ñòðåìèòñÿ ê −2 ñëåâà è ê −3 ñïðàâà.
Ïîäåëèâ ("óãîëêîì") ÷èñëèòåëü íà çíàìåíàòåëü, âûäåëèì öåëóþ

÷àñòü äðîáè: y = x− 2 +
19x + 30

x2 + 5x + 6
(6)

Îòñþäà âèäíî, ÷òî ïðÿìàÿ y = x− 2 ÿâëÿåòñÿ íàêëîííîé àñèìï-
òîòîé (òàê êàê ïðè x → ∞ äðîáíàÿ ÷àñòü ôóíêöèè â ôîðìóëå (6)
ñòðåìèòñÿ ê íóëþ. Íàêëîííóþ àñèìïòîòó ìîæíî íàéòè è ïî ñòàí-
äàðòíûì ôîðìóëàì. Èç ôîðìóëû (6) ñëåäóåò, ÷òî ãðàôèê ôóíê-
öèè ïåðåñåêàåò íàêëîííóþ àñèìïòîòó â åäèíñòâåííîé òî÷êå: x =

−30/19 ≈ −1, 58. Ñòðîèì ýñêèç ãðàôèêà.
Ïîëîæåíèå ýêñòðåìóìîâ è òî÷êè ïåðåãèáà óòî÷íèì ñ ïîìîùüþ

ïðîèçâîäíûõ. Èìååì:

y′ =
x2(x2 + 10x + 18)

(x2 + 6x + 6)2
; y′′ =

x(38x2 + 180x + 216)

(x2 + 5x + 6)3
.

Èç âûðàæåíèé äëÿ ïðîèçâîäíûõ ñëåäóåò, ÷òî x = 0 - òî÷êà ïå-
ðåãèáà, â òî÷êå x = −5 +

√
7 ≈ −2, 35 ôóíêöèÿ äîñòèãàåò ìèíè-

ìóìà (êîòîðûé, êàê ëåãêî âû÷èñëèòü, ïîëîæèòåëåí), â òî÷êå x =
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−5−
√

7 ≈ −7, 64 ôóíêöèÿ äîñòèãàåò ìàêñèìóìà. Óòî÷íåííûé ãðà-
ôèê ôóíêöèè ïðåäñòàâëåí íà ðèñ.1.

Ïðèìåð 17

Ïîñòðîèòü ãðàôèê ôóíêöèè y = x3 · 5

√
(x + 2)2.

Ðåøåíèå

Ôóíêöèÿ îáðàùàåòñÿ â íóëü â äâóõ òî÷êàõ: x = −2; x = 0. Ïðè
x > 0 ôóíêöèÿ ïîëîæèòåëüíà è ìîíîòîííî ðàñòåò. Ïðè áîëüøèõ
ïîëîæèòåëüíûõ çíà÷åíèÿõ x èìååì:

y ≈ x3 · x2/5 = x17/5.

Ïðè x < 0 çíà÷åíèÿ ôóíêöèè îòðèöàòåëüíû. Îòñþäà, â ÷àñòíîñòè,
ñëåäóåò, ÷òî íà èíòåðâàëå (−2; 0) ôóíêöèÿ äîñòèãàåò ìèíèìóìà (êî-
òîðûé óòî÷íèì ñ ïîìîùüþ ïðîèçâîäíîé). Ïðè áîëüøèõ îòðèöàòåëü-
íûõ çíà÷åíèÿõ x èìååì

y ≈ −|x|17/5.

Äåëàåì ýñêèç ãðàôèêà ôóíêöèè.
Äàëåå, âû÷èñëÿÿ ïðîèçâîäíûå:

y′ =
x2

5
· (x + 2)−3/5 · (17x + 30),
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y′′ =
x

5
· (x + 2)−8/5 ·

(
204x2/5 + 144x + 120

)
,

îïðåäåëÿåì ïîëîæåíèå ýêñòðåìóìîâ è òî÷åê ïåðåãèáà. Èç ýòèõ ôîð-
ìóë ñëåäóåò, ÷òî â òî÷êå x = −30/17 ôóíêöèÿ äîñòèãàåò ìèíèìóìà;
x = 0 è x = 5

(
−144±

√
1152

)
/408 - òî÷êè ïåðåãèáà. Â òî÷êå x = −2

ïðîèçâîäíàÿ ôóíêöèè y′(x) îáðàùàåòñÿ â áåñêîíå÷íîñòü - êàñàòåëü-
íàÿ ê ãðàôèêó â äàííîé òî÷êå âåðòèêàëüíà.
Óòî÷íåííûé ãðàôèê ôóíêöèè ïðèâåäåí íà ðèñ. 2.

Ïðèìåð 18

Ïîñòðîèòü ãðàôèê ôóíêöèè: y =
ex−3

2x + 7
.

Ðåøåíèå

Ïðÿìàÿ x = −7/2 - âåðòèêàëüíàÿ àñèìïòîòà. Èñïîëüçóÿ ïðàâèëî
Ëîïèòàëÿ, èìååì:

lim
x→+∞

ex−3

2x + 7
= +∞; lim

x→−∞
ex−3

2x + 7
= 0.

Ôóíêöèÿ èìååò ïîëîæèòåëüíûé çíàê ïðè x > −7/2 è îòðèöàòåëü-
íà ïðè x < −7/2. Ýòèõ äàííûõ äîñòàòî÷íî, ÷òîáû íàðèñîâàòü ýñêèç
ãðàôèêà.
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Âû÷èñëèì ïðîèçâîäíûå è óòî÷íèì ïîëîæåíèå ýêñòðåìóìîâ è òî-
÷åê ïåðåãèáà:

y′ =
2x + 5

(2x + 7)2
· ex−3; y′′ =

(4x2 + 20x + 29)

(2x + 7)3
· ex−3.

Âòîðàÿ ïðîèçâîäíàÿ íóëåé íå èìååò è ìåíÿåò çíàê ïðè ïåðåõîäå
÷åðåç âåðòèêàëüíóþ àñèìïòîòó. Òî÷êà x = −5/2 - ìèíèìóì. Ãðàôèê
ôóíêöèè ïðèâåäåí íà ðèñ.3.

Ïðèìåð 19

Ïîñòðîèòü ëèíèþ, çàäàííóþ óðàâíåíèåì â ïîëÿðíûõ êîîðäèíàòàõ:

ρ = 4 sin2 3ϕ.

Ðåøåíèå

Èñïîëüçóÿ ñâîéñòâà òðèãîíîìåòðè÷åñêèõ ôóíêöèé, èìååì

ρ = 2 (1− cos 6ϕ) .

Ñëåäîâàòåëüíî, ïåðèîä ôóíêöèè ðàâåí 2π/6 = 60◦. Ïðè âîçðàñòàíèè
óãëà îò 0◦ äî 30◦ çíà÷åíèÿ ôóíêöèè âîçðàñòàþò îò 0 äî 4. Ïðè äàëü-
íåéøåì óâåëè÷åíèè óãëà äî 60◦ çíà÷åíèÿ ôóíêöèè óáûâàþò äî 0.
Íà ðèñ. 4 ïðèâåäåí ãðàôèê îäíîãî ëåïåñòêà. Âñåãî òàêèõ ëåïåñòêîâ
áóäåò 6 (íà ðèñóíêå îíè íå óêàçàíû):
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Çàäà÷è 16,17

Âû÷èñëèòü ïðèáëèæåííîå çíà÷åíèå ôóíêöèè. Ïðè ðåøåíèè ýòèõ
çàäà÷ ñëåäóåò èñïîëüçîâàòü ïðèáëèæåííóþ ôîðìóëó

y(x1) ≈ y(x0) + y′(x0)(x1 − x0) (7)

Â íåêîòîðûõ âàðèàíòàõ óêàçàííûõ çàäà÷ ïîòðåáóþòñÿ ïðèáëè-
æåííûå çíà÷åíèÿ ñëåäóþùèõ ëîãàðèôìîâ: ln 3 ≈ 1, 099; ln 4 ≈ 1, 386;
ln 5 ≈ 1, 609; ln 6 ≈ 1, 792.

Ïðèìåð 20

Âû÷èñëèòü ïðèáëèæåííî 7
√

130.

Ðåøåíèå

Ïîëîæèì y(x) = 7
√

x; x0 = 128; x1 = 130. Èìååì y(x0) = 7
√

128 = 2;
y′(x) =

(
x−6/7

)
/7; y′(x0) =

(
128−6/7

)
/7 = 1/448. Íàêîíåö, ïî ôîð-

ìóëå (7) íàõîäèì:

y(x1) =
7
√

130 ≈ 2 +
1

448
· (130− 128) = 2 +

1

224
≈ 2, 004.

Ïðèìåð 21

Âû÷èñëèòü ïðèáëèæåííî ctg 48◦.
Ðåøåíèå

Ðàññìîòðèì ôóíêöèþ y(x) = ctg x. Ïåðåéäåì ê áåçðàçìåðíîé ïåðå-
ìåííîé � îò ãðàäóñîâ ê ðàäèàíàì. Âûáåðåì, ñîîòâåòñòâåííî, x0 =

45◦ = π/4; x1 = 48◦ = 48π/180. Íàéäåì çíà÷åíèÿ ôóíêöèè è åå
ïðîèçâîäíîé:

y(x0) = ctg
(π

4

)
= 1; y′(x) = − 1

sin2 x
; y′(x0) = − 1

sin2 π/4
= −2.
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Èñïîëüçóÿ ôîðìóëó äëÿ ïðèáëèæåííûõ âû÷èñëåíèé, ïîëó÷èì:

ctg 48◦ = ctg
48π

180
≈ 1− 2

(
48π

180
− π

4

)
= 1− π

30
≈ 0, 9.

Çàäà÷è 18, 19

Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå. Ýòè çàäà÷è ÿâëÿþòñÿ ñòàíäàðò-
íûìè. Ïðè íàõîæäåíèè ÷àñòíîé ïðîèçâîäíîé ∂z/∂x ñëåäóåò ñ÷èòàòü
ïåðåìåííóþ y êîíñòàíòîé; àíàëîãè÷íî ïðè íàõîæäåíèè ∂z/∂y ñëå-
äóåò ñ÷èòàòü ïåðåìåííóþ x êîíñòàíòîé. Ñìåøàííûå ïðîèçâîäíûå
âòîðîãî ïîðÿäêà îïðåäåëÿþòñÿ êàê ïîâòîðíûå ïðîèçâîäíûå:

∂2z

∂y∂x
=

∂

∂y

(
∂z

∂x

)
;

∂2z

∂x∂y
=

∂

∂x

(
∂z

∂y

)
.

Ïðè íåêîòîðûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî ôóíêöèè z(x, y) ìîæ-
íî óòâåðæäàòü, ÷òî ðåçóëüòàò íå çàâèñèò îò ïîðÿäêà äèôôåðåíöè-
ðîâàíèÿ:

∂2z

∂y∂x
=

∂2z

∂x∂y
. (8)

Ïðèìåð 22

Äëÿ ôóíêöèè z = ln
(
1 + x2

y3

)
âû÷èñëèòü ñìåøàííûå ïðîèçâîäíûå

∂2z/∂y∂x, ∂2z/∂x∂y è óáåäèòüñÿ, ÷òî îíè ðàâíû.
Ðåøåíèå

Âû÷èñëÿåì ïåðâûå ïðîèçâîäíûå:

∂z

∂x
=

1

1 + x2/y3 ·
2x

y3 =
2x

x2 + y3 ;
∂z

∂y
=

1

1 + x2/y3 ·
−3x2

y4 =
−3x2

y (x2 + y3)
.

Äèôôåðåíöèðóÿ ïåðâîå ðàâåíñòâî ïî y, à âòîðîå � ïî x, íàõîäèì
ñìåøàííûå ïðîèçâîäíûå:

∂2z

∂y∂x
= − 2x

(x2 + y3)2
· 3y2 = − 6xy2

(x2 + y3)2
.

∂2z

∂x∂y
= − 6x

y (x2 + y3)
+

3x2

y (x2 + y3)2
· 2x =

−6xy2

(x2 + y3)2
.

Óáåæäàåìñÿ, ÷òî ðàâåíñòâî (8) âûïîëíåíî.
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Çàäà÷à 20

Íàéòè è èññëåäîâàòü òî÷êè ýêñòðåìóìà ôóíêöèè íåñêîëüêèõ ïåðå-
ìåííûõ. Ñíà÷àëà èç óñëîâèÿ ðàâåíñòâà íóëþ ïåðâûõ ïðîèçâîäíûõ
èùóòñÿ ñòàöèîíàðíûå òî÷êè. Çàòåì â ýòèõ òî÷êàõ âû÷èñëÿåì âòî-
ðûå ïðîèçâîäíûå è ñîñòàâëÿåì èç íèõ ìàòðèöó. Íàõîäèì óãëîâûå
ìèíîðû; äîñòàòî÷íûì óñëîâèåì ìàêñèìóìà ÿâëÿåòñÿ âûïîëíåíèå
óñëîâèé ∆1 < 0, ∆2 > 0, ∆3 < 0, ìèíèìóìà - ∆1 > 0, ∆2 > 0, ∆3 > 0.
Ïðèìåð 23

Íàéòè è èññëåäîâàòü òî÷êè ýêñòðåìóìà ôóíêöèè
u(x, y, z) = 5x2 + y2 + z2 − 2xy + 2xz − yz − y.
Ðåøåíèå

Íàéäåì ñòàöèîíàðíûå òî÷êè èç óñëîâèÿ
∂u/∂x = 10x− 2y + 2z = 0

∂u/∂y = 2y − 2x− z − 1 = 0

∂u/∂z = 2z + 2x− y = 0

Ðåøàÿ ïîëó÷èâøóþñÿ ñèñòåìó óðàâíåíèé, ïîëó÷èì êîîðäèíàòû ñòà-
öèîíàðíîé òî÷êè M0(x0, y0, z0), x0 = 1/11, y0 = 8/11, z0 = 3/11. Â M0
âûïîëíåíî íåîáõîäèìîå óñëîâèå ýêñòðåìóìà. Ïðîâåðèì âûïîëíåíèå
äîñòàòî÷íîãî óñëîâèÿ ýêñòðåìóìà. Ïðèìåíèì êðèòåðèé Ñèëüâåñò-
ðà. Âû÷èñëèì â M0 âòîðûå ïðîèçâîäíûå

∂2u

∂x2 = 10,
∂2u

∂y2 = 2,
∂2u

∂z2 = 2,
∂2u

∂x∂y
= −2,

∂2u

∂x∂z
= 2,

∂2u

∂y∂z
= −1,

è ñîñòàâèì èç íèõ ìàòðèöó A = ‖aij‖,

A =

 10 −2 2

−2 2 −1

2 −1 2

 .

Óãëîâûå ìèíîðû ìàòðèöû A

∆1 = a11 = 10, ∆2 =

∣∣∣∣ a11 a12
a21 a22

∣∣∣∣ =

∣∣∣∣ 10 −2

−2 2

∣∣∣∣ = 16, ∆3 = det A = 22.

Ò.ê. ∆1 > 0, ∆2 > 0, ∆3 > 0, òî â òî÷êå M0 ôóíêöèÿ u(x, y, z) èìååò
ëîêàëüíûé ìèíèìóì.
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ÏÐÀÊÒÈ×ÅÑÊÈÅ ÇÀÄÀÍÈß

ÇÀÄÀ×À 1. Ñ ïîìîùüþ îïðåäåëåíèÿ ïðåäåëà ïîñëåäîâàòåëüíî-
ñòè ïîêàçàòü, ÷òî äàííàÿ ïîñëåäîâàòåëüíîñòü un ïðè n →∞ èìååò
ñâîèì ïðåäåëîì ÷èñëî A. Íàéòè öåëîå çíà÷åíèå N , íà÷èíàÿ ñ êîòî-
ðîãî |un − A| < ε.

� un A ε � un A ε

1
7n− 1

n + 1
7 10−2 16

2n

1 + n2 0 10−1

2
4n2 + 1

3n2 + 2
4
3 10−2 17

3n3

n3 − 2
3 10−2

3
9− n3

1 + 2n3 −1
2 10−2 18

4 + 2n

1− 3n
−2

3 10−2

4

(
−1

2

)n

0 10−3 19
5n + 15

6 + n
5 10−2

5 1 +
(−1)n

2n + 1
1 10−2 20

3− n2

1 + 2n2 −1
2 10−2

6
4n− 3

2n + 1
2 10−3 21

7− n

n + 3
−1 10−2

7
1− 2n2

2 + 4n2 −1
2 10−2 22

3n2 + 4

2− n2 −3 10−2

8
2n + (−1)n

n
2 10−2 23 −5 + 4n3

3 + 2n3 −2 10−2

9 − 5n

n + 1
−5 10−2 24

(
1

3

)2n

0 10−3

10
1

ln (n + 1)
0 1

3 25 3− (−1)n

n + 5
3 10−2

11
n + 1

1− 2n
−1

2 10−2 26
9n + 7

2n− 3
9
2 10−2

12
2n + 1

3n− 5
2
3 10−2 27

2 + n2

4 + 2n2
1
2 10−2

13
1− 2n2

n2 + 3
−2 10−2 28

−5n + (−1)n

2n + 3
−5

2 10−2

14
3n2

2− n2 −3 10−2 29
2

ln (3n + 4)
0 1

4

15
n

3n− 1
1
3 10−2 30

(
−2

7

)n

0 10−3
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ÇÀÄÀ×À 2. Âû÷èñëèòü ïðåäåë.

1 lim
x→0

tg2 x− sin2 x

(1− cos x)2
2 lim

x→π/2
(sin x)tg

2 x

3 lim
x→0

tg 2x− 2 tg x

sin 2x− 2 sin x
4 lim

x→0

( cos x

cos 2x

)1/x2

5 lim
x→0

4 tg x− sin 4x

tg x− sin x
6 lim

x→π/4
(tg x)tg 2x

7 lim
x→0

tg 2x− 2 sin x

x3 8 lim
x→∞

(
2x− 1

2x + 3

)x

9 lim
x→π/4

tg x− ctg x

π/4− x
10 lim

x→π/2
(2−sin x)tg

2 x

11 lim
x→π/4

(cos x−sin x) tg 2x 12 lim
x→0

(3x + x)1/x

13 lim
x→−π/4

tg x− ctg x

π/4 + x
14 lim

x→0
(2 cos x− 1)ctg

2 x

15 lim
x→π/6

1− 2 sin x

1− 2 cos 2x
16 lim

x→∞

(
3x + 2

3x + 1

)x

17 lim
x→π/6

sin x− cos 2x

π/6− x
18 lim

x→0

(
tg(

π

4
+ x)

)ctg x

19 lim
x→π/3

1− 2 cos x

π − 3x
20 lim

x→0

(
1 + tg x

1 + sin x

)1/x3

21 lim
x→π/2

(1−sin x) tg2 x 22 lim
x→0

(2− cos x)1/sinx

23 lim
x→π/3

√
3− 2 sin x

π/3− x
24 lim

x→∞

(
x2 + 2x + 1

x2 + 2x− 2

)x2

25 lim
x→π/4

1− sin 2x

(1−
√

2 sin x)2
26 lim

x→π/4

(
2− tg2 x

) 1
x−π/4

27 lim
x→π/2

(sec x− tg x) 28 lim
x→0

(
3x2 + 2x + 1

3x2 + 2x− 1

)x

29 lim
x→0

(
1 + 2x

1 + sin x

)2/x

30 lim
x→0

(cos x)1/x2
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ÇÀÄÀ×À 3. Âû÷èñëèòü ïðîèçâîäíóþ y′(x).

� y(x) � y(x)

1 ln

(
cos

(
x− 1

x

))
16 arcsin

(√
x

2

)
2 x sin

(
ln x− π

4

)
17 arctg

(
ex + e−x

)
3 arctg

(
ln

(
1

x

))
18 arcsin

√
x− 1

4
x

ln2 x
19 arctg

√
x− 1

2

5 ln
(
ln
(
3− 2x3)) 20 tg2√3x

6 2ctg (1/x) 21
tg2 x

2
+ ln (cos x)

7

√
esin

2 x 22 ln(sin x) +
ctg2 x

2
− ctg4 x

4

8
√

cos2 x− 2 sin2 x 23
2

3
(ln x− 5)

√
1 + ln x

9
√

3 sin2 x + 5 cos2 x 24
2√
3

arctg
2x + 1√

3

10
cos3 x

15
(3 cos2 x− 5) 25 ln3(2x +

√
3)

11
x2

ln x
26

3

√
x +

√
x

12
1 +

√
x

1−
√

x
27

1 + cos 2x

1− cos 2x

13
3

4
3

√
(1 + ln x)4 28 ln(sin x) +

1

2
ctg2 x

14
1

3
arctg(3 tg x) 29

tg5 x

5
+

tg7 x

7

15 etg
2(3x) 30

1

2
arcsin

x2
√

3
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ÇÀÄÀ×À 4. Âû÷èñëèòü ïðîèçâîäíóþ y′(x).

� y(x) � y(x)

1
1 + 2x2

x
√

1 + x2
16

3
√

1 + x3

x2

(
x2 − 3

)
2

√
1 + x2

3

(
x2 − 2

)
17

1√
2

ln

√
2 + 2x−

√
2− x√

2 + 2x +
√

2− x

3

√
1 + x2

3x3

(
2x2 − 1

)
18

1

3
arctg

(
5 tg x + 4

3

)
4 arctg

(
x

2
+

√
x2

4
+ x− 1

)
19

1

2
arcsin

8x + 3√
41

5
1√
3

ln
(√

3x +
√

3x2 − 2
)

20 ln
3

√
x + 2

cos2 x

6
2

35
(1 + x)5/2(5x− 2) 21 ln

√
1 + x

tg x

7
(
1 + 2x2)5/2 · 5x2 − 1

70
22 arctg2 1√

2x

8
x− 2

4
√

4x− x2
23 ln 4

√
1 + 4x

sin3 x

9 ln

(
x +

1

2
+
√

x2 + x + 1

)
24 arcsin

x− 1√
x

10
2

15
(3x− 4)(2 + x)3/2 25 ln 5(1 + 3 tg x)

11
4

3

(
4
√

x3 − ln
(
1 +

4
√

x3
))

26 ln

(
(x− 2)5

(x + 1)3

)
12 ln

√
x + 1− 1√
x + 1 + 1

27
2(10 + 3x)

9
√

5 + 3x

13
3x− 9

10
3

√
(x + 2)2 28

4

21
(3ex − 4)(ex + 1)3/4

14
20x + 32

45
(x− 2) 4

√
x− 2 29 2

√
x + 1(ln(x + 1)− 2)

15
1√
2

ln

√
x2 − x + 2 + x−

√
2√

x2 − x + 2 + x +
√

2
30

1

24
ln

x3

x3 + 8
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ÇÀÄÀ×À 5. Âû÷èñëèòü ëîãàðèôìè÷åñêóþ ïðîèçâîäíóþ y′(x).

� y(x) � y(x) � y(x)

1
x
√

x2 + 1
3
√

x3 + 1
11 (arctg x)x 21 x1/x

2 x
3

√
x2

x2 + 1
12 (sin 3x)x 22

√
cos x · 2

√
cos x

3
x− 1√
x(2− x)

13

√
x− 1

3
√

(x + 2)2
√

(x + 3)3
23 (arctg x)ln x

4 xcos x 14
(x− 2)3√

(x− 1)5(x− 3)11
24 (sin x)ln x

5 (sin x)1/x 15

√
x(x− 1)

x− 2
25

(
1 + x2)arccos x

6 xtg x 16 (tg x)e
x

26
4

√
x3 3

√
x2(x + 1)

7 (tg x)cos x 17 (ln sin 3x)x 27
4
√

x2 + 3x + 1
3
√

x2 + 4

8 (arcsin x)x
2

18 (1 + x3)x
3

28
(
x2 + 1

)√x

9 (1 + x2)x
2

19 (cos x)sin x 29 x6 (x2 + 1
)10

(x3 + 1)

10 (cos x)x 20 x
√

x 30
3

2
3

√
1 + x

1− x

ÇÀÄÀ×À 6. Âû÷èñëèòü ïðîèçâîäíóþ y′(x) ôóíêöèè, çàäàííîé
ïàðàìåòðè÷åñêè.

� x(t), y(t) � x(t), y(t) � x(t), y(t)

1


x =

2 sin t

1 + 3 cos t

y =
5 cos t

1 + 3 cos t

11


x =

1

t2 − 1

y =
t2 + 1

t + 2

21


x = 2t− t3

y = 2t2

2


x = ln

(
1 + t2

)
y = t− arctg t

12


x =

6t

1 + t3

y =
6t2

1 + t3

22


x =

cos3 t√
cos 2t

y =
sin3 t√
cos 2t
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� x(t), y(t) � x(t), y(t) � x(t), y(t)

3


x = e−t2

y = arctg(2t + 1)

13


x =

√
t

y =
3
√

t

23


x =

t3 + 2

t2 + 1

y =
t3

t2 + 1

4


x = 4 tg2

(
t

2

)
y = 2 sin t + 3 cos t

14


x = et

y = arcsin t

24


x = t2e−t

y = t2e−2t

5


x = arcsin(t2 − 1)

y = arccos 2t

15


x = 2 cos2 t

y = 3 sin2 t

25


x = 2

(
t+

1

t

)
y = t+

3

t
+

1

t2

6


x = 5(cos t + t sin t)

y = 5(sin t− t cos t)

16


x = ln t

y =
1

2

(
t+

1

t

) 26


x = ln t

y = sin2 t

7


x = arccos

1√
1 + t2

y = arcsin
t√

1 + t2

17


x =

6t

1 + t2

y =
3
(
1−t2

)
1 + t2

27


x = et cos t

y = et sin t

8


x = ln tg

(
t

2

)
+cos t

y = t sin t + cos t

18


x =

√
1 + t2

y =
t− 1√
1 + t2

28


x =

1

t + 1

y =

(
t

t + 1

)2

9


x = t2 + 2t

y = t2 − ln t2
19


x = arcsin t

y =
√

1− t2

29


x =

1

t + 1

y =
t

t + 1

10


x =

t3

t + 1

y =
t2

t + 1

20


x = 5 cos3 t

y = 4 sin3 t

30


x = t+ln cos t

y = t−ln sin t
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ÇÀÄÀ×À 7. Âû÷èñëèòü ïðîèçâîäíóþ y′(x) ôóíêöèè, çàäàííîé
íåÿâíî óðàâíåíèåì F (x, y) = 0.

� F (x, y) � F (x, y)

1 ln x + e−y/x + 5 16 x− 3
√

y3 + x− 4

2 x2/3 + y2/3 − 10 17 y3 − x− y

x + y
− 6

3 y −
√

4x− x2 + 10y − 4 + 3 18 yex− 1 − ey + 9

4 ex − ey + x− y − 6 19 y2 − x− ln
y

x
− 4

5 x− 3
√

2x2y2 + 5x + y − 5 + 9 20 x + y − 3 3
√

x− y + 11

6
3

√
xy
−
√

x

y
−
√

y

x
− 8 = 0 21 y − 3

√
x + 10y − 6 +

4y + 5

x

7 arctg
y

x
− ln

√
x2 + y2 + 2 22 x−

√
2y3 − x2

y
+

y

x
− 3

8 ex − ey − xy 23 x−
√

1 + 2xy + y2 − 8y3 + 3

9 y −
√

2x− x2 − 5xy − y 24
x

y
− sin x

sin y
+ 3

10 2 cos2(x + y) + xy − 9 25
√

x + y − y
√

x− y − 7

11 3 arctg
y

x
−
√

x2 + y2 + 5 26 ln(x + y)− 8√
x + y2

12 ln 5y +
x

y
+ 7 27 sin

(
y − x2)− ln

(
y2 − x

)
13 x− arctg(x + y) + 1 28 ex + ey − 2xy − 2

14 y − 3

√
2y − 1

x
+ 12 29 xy2

+ y2 ln x− 4

15 ex sin y − e−y cos x 30 x2 sin y + y3 cos x− 2x
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ÇÀÄÀ×À 8. Íàéòè ïðåäåë, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ.

1 lim
x→1

eln x − ln(x + e− 1)

arctg 2(x− 1)
16 lim

x→0

ln(2− cos 2x)

x2

2 lim
x→1

cos
(π

2
· ex− 1

)
esin(1− x) − 1

17 lim
x→0

5tg 3x − 1

2sin(x/2) − 1

3 lim
x→2

ln
(√

1 + 4x− 2
)

x− 2
18 lim

x→0

ln
(
3 + x2)− ln 3

1− cos 5x

4 lim
x→π/4

ln tg x

π/4− x
19 lim

x→0

√
1− tg 8x− 1

ln(1 + sin x)

5 lim
x→0

1

x
ln

(
1

3
√

8 + x
+

1√
4 + x

)
20 lim

x→0

e3x
2
− ex

2

1− cos x

6 lim
x→3

ln
(

3
√

2x + 2− 1
)

ln
(√

x + 1− 1
) 21 lim

x→1

tg πx

4x − 4

7 lim
x→0

ln(1− arctg 5x)

sin 3x
22 lim

x→0

1− esin x

1− 2tg x

8 lim
x→0

etg x − 1− x

x2 23 lim
x→0

ln(3− 2 cos x)√
1 + tg2 x− 1

9 lim
x→0

ex
2
− cos x

x2 24 lim
x→0

√
2− cos x− 1

2arcsin x − 1

10 lim
x→0

e1/ cos x − ecos x

ln cos x
25 lim

x→0

sin2(x/2)

ln (1 + 2x2)

11 lim
x→0

3x − 2x

ln
(√

9 + x−
√

4 + x
) 26 lim

x→π/2

ln sin x

sin2 (π/2− x)

12 lim
x→2

2x − x2

2− x
27 lim

x→π/4

ln tg x

1− ctg x

13 lim
x→0

ln cos 2x

ln cos 3x
28 lim

x→0

ln
(
1− tg2(x/5)

)√
1 + sin2 3x− 1

14 lim
x→π/4

esin x − ecos x

π − 4x
29 lim

x→0

33x − 3−x

etg x − 1

15 lim
x→0

1− e− tg x

sin 2x
30 lim

x→0

e2x − e−3x

tg 6x
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ÇÀÄÀ×À 9. Íàéòè ïðåäåë, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ.

1 lim
x→0

(
1

x2 − ctg2 x

)
16 lim

x→∞
π − 2 arctg x

e3/x − 1

2 lim
x→0

π/x

ctg(πx/2)
17 lim

x→3

ln(x− 3)

ex − e3

3 lim
x→0

ex − e−x

ln(1 + x)
18 lim

x→0

e3x − 3x− 1

sin2 5x

4 lim
x→0

x3

x− sin x
19 lim

x→0
(cos 2x)3/x

2

5 lim
x→π/2

(
x

ctg x
− π

2 cos x

)
20 lim

x→0

x2 + 2 cos x− 2

x4

6 lim
x→0

(
ex − e−x

)
sin x

x2 21 lim
x→+∞

ln
(
1 + x2)

ln (π/2− arctg x)

7 lim
x→0

(
1 + sin2 x

)1/ tg2 x
22 lim

x→+∞
(ln 2x)1/ ln x

8 lim
x→+0

(ln(x + e))1/x 23 lim
x→0

1 + 2x + 2x2 − e2x

x3

9 lim
x→π/4

sec2 x− 2 tg x

1 + cos 4x
24 lim

x→1
(1− x) tg (πx/2)

10 lim
x→1

(
1

2− 2
√

x
− 1

3− 3 3
√

x

)
25 lim

x→+∞
(x + 2x)1/x

11 lim
x→+0

ln (1 + x)(1 + x) − x

x2 26 lim
x→0

2x + 2−x − 2

x2

12 lim
x→1−0

(1− x)cos (πx/2) 27 lim
x→0

√
1− 2x + x− 1

x2

13 lim
x→π/2−0

(π − 2x)cos x 28 lim
x→0

(x ctg x)−1/x2

14 lim
x→1

(tg (πx/4))tg (πx/2) 29 lim
x→+0

(ctg x)1/ ln x

15 lim
x→0

3x2 + sin 3x− 3xex

arctg x− sin x
30 lim

x→+0

ln x

1 + 2 ln sin x
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ÇÀÄÀ×À 10. Ôóíêöèþ y = f(x) ðàçëîæèòü ïî ôîðìóëå Òåéëîðà
â îêðåñòíîñòè òî÷êè x0 äî o((x− x0)

n).

� f(x) x0 n � f(x) x0 n

1
2x + 3

4x− 5
2 4 16 cos2(2x + 6) −4 5

2 (x + 2) ln(3x− 7) 3 4 17 (x + 2)
√

3x + 4 4 4

3 sin2(2x + 1) −1 5 18 (x− 7)e4x− 2 1 5

4 (x− 2) cos(x− 3) 2 5 19
3x + 2

x− 6
5 4

5 3
√

3x + 5 1 4 20 (2x− 9) ln(4x + 1) 1 4

6 (2x + 5)e2x + 3 −2 4 21 sin2(3x− 2) 2 5

7
3x− 4

x− 5
2 4 22 (3x + 4) cos(2x− 1) 3 5

8
(
x2 + x

)
ln(2x + 1) 0 5 23 3

√
2x− 5 16 4

9 sin(4x− 3) 1 5 24
(
2x2 + 5

)
e3x− 2 1 5

10 cos2(x + 2) −1 5 25
x2 − 4

2x + 1
−1 4

11 4
√

4x + 12 1 4 26
(
x2 + 7x

)
ln(4x + 3) 1 4

12 (x + 2)ex
2 + 2x −1 4 27 (x + 2) sin(x + 2) 2 5

13
x2 − 4

2x + 1
2 4 28 (2x + 1) cos(3x− 5) 2 5

14 x ln 3
√

5− 2x 2 4 29 4
√

x + 12 4 4

15 (2x− 3) sin(x + 3) −2 5 30 (−x + 4)ex + 3 −2 5
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ÇÀÄÀ×À 11. Âû÷èñëèòü ïðåäåë äâóìÿ ñïîñîáàìè:
à) èñïîëüçóÿ ðàçëîæåíèå ïî ôîðìóëå Òåéëîðà;
á) ñ ïîìîùüþ ïðàâèëà Ëîïèòàëÿ.

1 lim
x→0

ex + e−x − 2

1− cos x
16 lim

x→0

ln(1 + x) + x2/2− sin x

x3

2 lim
x→0

2ex − e−x − 3x− 1

x2 17 lim
x→0

2x− 1− 2x2 + e−2x

x3

3 lim
x→0

6 ln(1 + x)− 6x− 2x3

e−x + x− 1
18 lim

x→0

x2

1 + 3x/2−
√

1 + 3x

4 lim
x→0

1
1−x − cos x− x

x2 19 lim
x→0

x3

ln(1 + x) + e−x − 1

5 lim
x→0

(1 + x) ln(x + 1)− x

x2 20 lim
x→0

√
1 + x− e−x − 3x/2

x2

6 lim
x→0

x2 + 2 cos x− 2

x4 21 lim
x→0

x3

sin 2x + 2 ln(1− x) + x2

7 lim
x→0

e2x − cos x− 2x

x2 22 lim
x→0

√
1−x2 + ln(1+2x)−1−2x

x2

8 lim
x→0

√
1− 2x + x− 1

1− cos x
23 lim

x→0

2x2 + ln(1 + 2x)− 2x

x3

9 lim
x→0

e2x − 1− 2x− 2x2

x3 24 lim
x→0

x2
√

1 + 2x2 − e−2x − 2x

10 lim
x→0

x3

x2/2 + sin x + ln(1−x)
25 lim

x→0

ex − e−x − 2x

x3

11 lim
x→0

√
1 + 3x2 − e−x − x

x2 26 lim
x→0

x2

e−2x + 2 sin x− 1

12 lim
x→0

x2/2 + x + ln(1− x)

2x3 27 lim
x→0

x3

ln(1− 2x) + e2x − 1

13 lim
x→0

x− sin x

ex − 1− x− x2/2
28 lim

x→0

x3

e2x − e−2x − 4x

14 lim
x→0

x3

ln(1− 2x) + 2x + 2x2 29 lim
x→0

√
1 + x2 − ln(1 + x) + x− 1

x2

15 lim
x→0

x2
√

1− 2x2 − ex + x
30 lim

x→0

ex − sin x− 1− x2/2

x3
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ÇÀÄÀ×À 12. Ïîñòðîèòü ãðàôèê ôóíêöèè y =
ax3 + bx2 + cx + d

x2 + px + q
.

� a b c d p q � a b c d p q

1 1 1 0 −1 0 −1 16 2 −1 −1 6 1 −6

2 1 2 0 −2 0 −1 17 −2 1 −1 −2 −1 −1

3 1 1 0 −4 0 −4 18 3 3 −3 −6 −1 −2

4 1 1 −3 2 −3 2 19 −3 −4 −4 24 1 −6

5 1 1 −1 −2 −1 −2 20 1 1 1 −2 1 −2

6 −1 0 0 0 2 1 21 −1 2 2 −4 1 −2

7 1 −2 0 0 −2 1 22 −1 −1 −3 −2 3 2

8 −1 0 0 0 2 1 23 2 −1 3 −2 −3 2

9 1 −1 0 0 2 1 24 2 1 −4 3 −4 3

10 1 3 3 1 −2 1 25 −2 −1 2 3 −2 −3

11 −1 2 0 −6 0 −3 26 −2 −4 −8 12 2 −3

12 −2 2 0 −6 0 −3 27 −2 −3 −12 −9 4 3

13 2 −1 0 2 0 −2 28 −2 −2 10 −12 −5 6

14 −3 2 0 −6 0 −3 29 3 4 −4 −24 −1 −6

15 3 −2 0 2 0 −1 30 1 3 15 18 5 6

ÇÀÄÀ×À 13. Ïîñòðîèòü ãðàôèê ôóíêöèè y(x):

� y(x) � y(x) � y(x) � y(x)

1 3
√

x2 − 1 2 x 3
√

x + 3 3 3
√

(x2 − 1)2 4 x2 3
√

x + 1

5 3
√

(x2 − 2)4 6 x 5
√

x + 1 7 3
√

(x2 − 1)5 8 x2 5
√

x + 2

9 4
√

(x2 − 9)3 10 x1/2√x + 1 11 4
√

(x2 − 4)3 12 x1/2
√

(x+1)3

13 5
√

(x2 − 3)4 14 x
√

x− 1 15 5
√

(x2 − 1)3 16 x2√x− 2

17 5
√

(x2 − 1)2 18 x
√

1− x 19 5
√

(x2 − 1)6 20 4
√

x2 − 1

21 6
√

(x2 − 4)7 22 4
√

x3(x + 1) 23 6
√

(x2 − 9)5 24 4
√

x(x− 2)2

25 7
√

(x2 − 4)6 26 (x− 1)
3
√

x2 27 7
√

(x2 − 9)8 28 3
√

x2 − 3x

29 9
√

(x2−16)5 30 x(x2−1)−1/3
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ÇÀÄÀ×À 14. Ïîñòðîèòü ãðàôèê ôóíêöèè.

1 y = (2x + 3)e−2x− 2 16 y = ex cos x

2 y =
3
√

x2e−x 17 y =
e2x + 2

2x + 2

3 y = xe−x2
18 y =

ln x√
x

4 y =
√

x3 ln x 19 y = (3− x)ex− 2

5 y =
x

ln x
20 y = ln

1 + x

1− x

6 y = xe−x 21 y = e1/x
2

7 y = e1/x − x 22 y = xe1/(2− x)

8 y = x2 − ln |x| 23 y = (2x + 5)e−2x− 4

9 y = e1/
(
x2 − 4x + 4

)
24 y = 2 ln

(
1− 4

x

)
− 3

10 y = (1 + x)e1/x 25 y = 4 ln
x

x + 2
+ 1

11 y = e−x sin x 26 y = x (2− ln x)2

12 y = 3 ln
x

x− 3
− 1 27 y = x3e−x

13 y =
e2− x

2− x
28 y =

√
x

ln x

14 y = 3− 3 ln
x

x + 4
29 y = 2 ln

x + 3

x
− 3

15 y = xe1/(x− 1) 30 y =
ex− 3

2x + 7

ÇÀÄÀ×À 15. Ïîñòðîèòü ëèíèþ, çàäàííóþ óðàâíåíèåì ρ = f(ϕ)

â ïîëÿðíûõ êîîðäèíàòàõ (ρ ≥ 0, 0 ≤ ϕ ≤ 2π).
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� f(ϕ) � f(ϕ) � f(ϕ)

1 cos(3ϕ + π/4) 11
√

cos(π + ϕ) 21 4(1− cos 4ϕ)

2 1 + cos ϕ 12 7(1 + sin ϕ) 22 2 + cos ϕ

3 2 + sin ϕ 13 4 cos 2ϕ 23 2 sin ϕ

4 4 tg(ϕ/2) 14 sin(ϕ/2) 24 cos(ϕ/2)

5 2 cos 3ϕ 15 2 sin 3ϕ 25 5(2− cos ϕ)

6 3
√

cos 2ϕ 16 3(2− sin ϕ) 26
√

sin(−2ϕ)

7 1 + cos2 2ϕ 17 2 + sin2 2ϕ 27 2 tg ϕ

8 5(1− cos 2ϕ) 18 1− sin 2ϕ 28 3 cos2 2ϕ

9 2(1 + sin 3ϕ) 19
√

4 cos ϕ 29 3 + 2 cos ϕ

10 sin2 2ϕ 20 5(1 + cos 3ϕ) 30 4 sin2 3ϕ

ÇÀÄÀ×È 16,17. Âû÷èñëèòü ïðèáëèæåííî óêàçàííûå âåëè÷èíû.

� Çàäà÷à16 Çàäà÷à17 � Çàäà÷à16 Çàäà÷à17

1
√

10 log6 37 16 ctg 46◦ 4
√

257

2 log3 10 tg 44◦ 17
√

99 52.1

3 tg 46◦
√

37 18 41.8 arcctg 0.9

4 3
√

28 33.2 19 arcctg 0.1 4
√

255

5 32.1 arctg 0.9 20 3
√

63 sin 27◦

6 arctg 0.1
√

35 21 ctg 47◦ log4 257

7 4
√

82 sin 29◦ 22 log5 124 4
√

626

8 sin 31◦ log6 35 23 3
√

126 51.9

9 log3 8
√

50 24 43.1 sin 26◦

10
√

8 32.8 25 ctg 44◦ 4
√

624

11 31.9 sin 28◦ 26 3
√

124 52.8

12 cos 61◦
√

48 27 53.2 log4 255

13
√

17 52.9 28 log6 217 4
√

83

14 32.2 log3 28 29 3
√

29 log5 626

15 log4 17
√

63 30 log3 82 cos 63◦
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ÇÀÄÀ×À 18. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà.

� z = f(x, y) � z = f(x, y)

1 z = x3 + y3 + 3x/y 16 z = ln(1 + x/y)

2 z =
√

x2 − y2 17 z = cos(y + sin x)

3 z = arctg

(
x + y

1− xy

)
18 z = ln tg(y/x)

4 z = sin(x + cos y) 19 z = xy sin(xy)

5 z = x2 ln(x + y) 20 z = x4 cos2 y

6 z = ex/y 21 z = esin(y/x)

7 z = ln cos (y/x) 22 z =
xy√

x2 + y2

8 z = ln tg(x− y) 23 z = x cos(x + y)

9 z = e

(
x3 + y2)2

24 z = ex cos y

10 z = x3 + 4x2y2 − y4 25 z = x3 + 2y2 − 2y3x2

11 z = x sin(2x + 3y) 26 z = yx

12 z = cos
(
x2)/y 27 z = ln tg (x/y)

13 z = ln
(
x2 + y

)
28 z = x3 sin y + y3 cos x

14 z = xy + y/x 29 z = tg
(
y2/x

)
15 z = x2 sin4 y 30 z = y ln

(
x2 − y2)
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ÇÀÄÀ×À 19. Âû÷èñëèòü ñìåøàííûå ïðîèçâîäíûå âòîðîãî ïîðÿä-
êà è ïðîâåðèòü, ÷òî îíè ðàâíû.

� z = f(x, y) � z = f(x, y)

1 z = exy(x2 + y2) 16 z = 2x2y + 3xy2 + x3

2 z = arcsin
x√

x2 + y2
17 z = x2/y2 − y/x

3 z =
(
x2 + y2) · ex + y 18 z =

x√
x2 + y2

4 z = x ln(x3y2) 19 z =
√

2xy + y2

5 z =
x2 − y2

x2 + y2 20 z = y ln
(
x2 − y2)

6 z = arctg

(
y

1 + x2

)
21 z = arctg (y/x) + arcctg (x/y)

� z = f(x, y) � z = f(x, y)

7 z =
xy

x + y
22 z = ex(cos y + x sin y)

8 z = ex(x sin y + y2) 23 z = xy

9 z =
x + y

x− y
24 z = x ln (y/x)

10 z = arcctg
(
x/y2) 25 z = ex + y(x cos y + y sin x)

11 z = sin
(
x2) /y 26 z = ln

(
x2 + xy + y2)

12 z = x arctg

(
y

y − x

)
27 z = sin

(
x2 − y3)

13 z = tg
(
x2/y

)
28 z = e3x

2 + 2y2 − xy

14 z = arctg

(
x + y

1− xy

)
29 z = xy + x/y

15 z = ln
√

x2 + y2 30 z = xy sin
(
x− y2)
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ÇÀÄÀ×À 20. Íàéòè è èññëåäîâàòü òî÷êè ýêñòðåìóìà ôóíêöèè.

1 u = 2x2 + y2 + z2 − xy + 2z − 3x + 4y

2 u = x2 + 3y2 + z2 − xz − 2x + 3y

3 u = 3xy + 5xz − 8yz − 9x2 − 6y2 − 11z2

4 u = yz − 2xy − 4x2 − 3y2 − z2 − 8x

5 u = x2 + y2 + 2z2 + yz + 2z − 3y

6 u = 2x2 + 3
2y

2 + z2 − xy + 2xz + yz − y + 2z

7 u = xz + yz − 2xy − 5x2 − y2 − 3z2 + 6z

8 u = 2x2 + y2 + 3z2 + xy + xz − 4x− 2y + z

9 u = x2 + 3
2y

2 + 2z2 + xy + xz − 4x− 2y + z

10 u = 1
2xy + xz − 2yz − x2 − y2 − 5z2 − 2x + 4y

11 u = 2x2 + y2 + 3
2z

2 − xz + 2xy + yz − 3y

12 u = 5x2 + y2 + 5z2 + 2xy − xz − 1
2yz − 10x

13 u = 5x2 + y2 + 5z2 + 2xy − xz − yz − 4x + 2y

14 u = xy + xz − 2yz − 4x2 − y2 − 5z2 − 2y

15 u = xy − 2x2 − y2 − z2 − 2z + x− 4y

16 u = xz − x2 − 3y2 − z2 + x− 6y + z

17 u = 2x2 + y2 + 3z2 + 2xz − 4y + 2x

18 u = 2yz − 2xy − 3x2 − 4y2 − 5z2 + 6x

19 u = x2 + 5y2 + z2 + 2xy − xz − yz − 10y

20 u = x2 + xy + 2y2 + 4yz + 5z2 − 4z

21 u = 2xz + 4yz − 2xy − 2x2 − 5y2 − 5z2 − 4x

22 u = 2xy + 2xz − 5x2 − 6y2 − 4z2 − 8z

23 u = 3x2 + 4y2 + 5z2 + 2xy − 2yz − 8y

24 u = 4x2 + 6y2 + 5z2 − 2xz − 2yz + 10z

25 u = 9x2 + 6y2 + 11z2 − 3xy − 5xz + 8yz

26 u = x2 + 17y2 + 3z2 + 2xy − xz − 7yz

27 u = xz + 7yz − 2xy − x2 − 17y2 − 3z2

28 u = 3xy + 5xz − 8yz − 9x2 − 6y2 − 11z2

29 u = 2x2 + y2 + 3z2 + xy + xz − 4x− 2y + z

30 u = 5x2 + y2 + z2 + 2xy − xz − 1
2yz − 10x
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ÒÅÎÐÅÒÈ×ÅÑÊÈÅ ÂÎÏÐÎÑÛ

Ê ÝÊÇÀÌÅÍÓ

ÏÎ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÌÓ ÀÍÀËÈÇÓ

1. Îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè. Ïîäïîñëåäîâàòåëü-
íîñòü, ÷àñòè÷íûé ïðåäåë.

2. Êðèòåðèé Êîøè. Ñâîéñòâà ñõîäÿùèõñÿ ïîñëåäîâàòåëüíîñòåé.
Òåîðåìà î ïðåäåëå ïðîìåæóòî÷íîé ïîñëåäîâàòåëüíîñòè.

3. Îïðåäåëåíèå ïðåäåëà ôóíêöèè. Òåîðåìà î ïðåäåëå ïðîìåæó-
òî÷íîé ôóíêöèè. Ïåðâûé çàìå÷àòåëüíûé ïðåäåë.

4. Áåñêîíå÷íî ìàëûå ôóíêöèè. Òåîðåìà î ñâÿçè áåñêîíå÷íî ìàëûõ
è áåñêîíå÷íî áîëüøèõ ôóíêöèé.

5. Òåîðåìà î ïðåäåëå ïðîèçâåäåíèÿ áåñêîíå÷íî ìàëîé è îãðàíè-
÷åííîé ôóíêöèé.

6. Âòîðîé çàìå÷àòåëüíûé ïðåäåë. Ðàñêðûòèå íåîïðåäåëåííîñòåé
00, ∞0, 1∞.

7. Ñðàâíåíèå áåñêîíå÷íî ìàëûõ. Ýêâèâàëåíòíîñòü áåñêîíå÷íî ìà-
ëûõ. Îñíîâíûå ýêâèâàëåíòíîñòè.

8. Òåîðåìà î ðàçíîñòè ýêâèâàëåíòíûõ áåñêîíå÷íî ìàëûõ. Òåîðåìà
î çàìåíå ýêâèâàëåíòíîñòè â ïðåäåëå îòíîøåíèÿ.

9. Íåïðåðûâíîñòü ôóíêöèè â òî÷êå. Òåîðåìà î íåïðåðûâíîñòè
àðèôìåòè÷åñêèõ äåéñòâèé, î íåïðåðûâíîñòè ñëîæíîé ôóíê-
öèè.

10. Íåïðåðûâíîñòü ôóíêöèè íà îòðåçêå. Ñâîéñòâà ôóíêöèé, íåïðå-
ðûâíûõ íà îòðåçêå.

11. Òî÷êè ðàçðûâà è èõ êëàññèôèêàöèÿ.

12. Ïðîèçâîäíàÿ, åå ãåîìåòðè÷åñêèé è ìåõàíè÷åñêèé ñìûñë.

13. Òåîðåìà î ñâÿçè íåïðåðûâíîñòè è äèôôåðåíöèðóåìîñòè.
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14. Àðèôìåòè÷åñêèå äåéñòâèÿ ñ ïðîèçâîäíûìè.

15. Òàáëèöà ïðîèçâîäíûõ.

16. Ïðîèçâîäíûå ñëîæíîé è îáðàòíîé ôóíêöèé.

17. Äèôôåðåíöèàë, åãî ñâÿçü ñ ïðîèçâîäíîé, ãåîìåòðè÷åñêèé ñìûñë,
èíâàðèàíòíîñòü.

18. Òåîðåìà Ðîëëÿ, åå ãåîìåòðè÷åñêèé ñìûñë.

19. Òåîðåìà Ëàãðàíæà, åå ãåîìåòðè÷åñêèé ñìûñë. Òåîðåìà Êîøè.

20. Ïðàâèëî Ëîïèòàëÿ.

21. Ìíîãî÷ëåí Òåéëîðà, ôîðìóëà Òåéëîðà.

22. Îñòàòî÷íûé ÷ëåí ôîðìóëû Òåéëîðà â ôîðìàõ Ïåàíî è Ëàãðàí-
æà.

23. Ëîêàëüíûé ýêñòðåìóì ôóíêöèè îäíîãî ïåðåìåííîãî. Íåîáõî-
äèìîå è äîñòàòî÷íîå óñëîâèÿ ýêñòðåìóìà.

24. Ãåîìåòðè÷åñêèé ñìûñë âòîðîé ïðîèçâîäíîé. Òî÷êè ïåðåãèáà.

25. Àñèìïòîòû ãðàôèêà ôóíêöèè. Ñóùåñòâîâàíèå íàêëîííîé àñèìï-
òîòû.

26. ×àñòíûå ïðîèçâîäíûå ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ. Òåî-
ðåìà î ðàâåíñòâå ñìåøàííûõ ïðîèçâîäíûõ.

27. Äèôôåðåíöèðóåìîñòü ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ. Äèô-
ôåðåíöèàë.

28. Ëîêàëüíûé ýêñòðåìóì ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ. Íåîá-
õîäèìîå óñëîâèå ýêñòðåìóìà.

Âîïðîñû ê ýêçàìåíó ìîãóò áûòü óòî÷íåíû è äîïîëíåíû ëåêòîðîì
ïîòîêà.


