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Ðèñ. 1: Ê çàäà÷å 1 a).

Êîíòðîëüíàÿ ðàáîòà

Âàðèàíò 65

1.

à) Íàéòè îáðàç îáëàñòè

Z =
{∣∣∣∣z − 1

2

∣∣∣∣ > 1

2
, Re z < 1

}
ïîä äåéñòâèåì ôóíêöèè

w =
iz

z − 1
.

á) Íàéòè ôóíêöèþ w = f(z), îñóùåñòâëÿþùóþ îòîáðàæåíèå Z → W , åñëè:

Z = {|z − 1| > 1} , W = {|w| < 2} .

Ðåøåíèå.

à)

w = f(z) =
iz

z − 1
;

Z = Z1 ∩ Z2, ãäå Z1 � âíåøíîñòü îêóæíîñòè C1 ñ öåíòðîì â òî÷êå z0 = 1/2 ðàäèóñà
a = 1/2; Z2 � ïîëóïëîñêîñòü, íàõîäÿùàÿñÿ ëåâåå ïðÿìîé C2, çàäàâàåìîé óðàâíåíèåì
x = 1.

Ïóñòü C ′
1 è C ′

2 � îáðàçû ëèíèé C1 è C2 ïðè ïðåîáðàçîâàíèè f(z). Çàâèñèìîñòü
f(z) ÿâëÿåòñÿ äðîáíî-ëèíåéíîé, ñëåäîâàòåëüíî, êàæäàÿ èç ëèíèé C ′

1 è C ′
2 ÿâëÿþåòñÿ

ïðÿìîé èëè îêðóæíîñòüþ. Îáå ëèíèè C1 è C2 ïðîõîäÿò ÷åðåç ïîëþñ zp = 1 ôóíêöèè
f(z), ñëåäîâàòåëüíî, C ′

1 è C ′
2 � ýòî ïðÿìûå.

Îáðàçàìè ëåæàùèõ íà C1 òî÷åê z1 = 0 è z2 = 1
2
(1 + i) ÿâëÿþòñÿ òî÷êè w1 = 0 è

w2 = 1. Ïðÿìàÿ C ′
1 ïðîõîäèò ÷åðåç ýòè òî÷êè, ñëåäîâàòåëüíî, C ′

1 � ýòî äåéñòâèòåëüíàÿ
îñü.
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Ðèñ. 2: Ê çàäà÷å 1 á).

Îáðàçàìè ëåæàùèõ íà C2 òî÷åê z3 = 1 + i è z4 = 1 − i ÿâëÿþòñÿ òî÷êè w3 =
1 + i è w4 = −1 + i. Ïðÿìàÿ C ′

2 ïðîõîäèò ÷åðåç ýòè òî÷êè, ñëåäîâàòåëüíî, C ′
2 � ýòî

ãîðèçîíòàëüíàÿ ïðÿìàÿ, çàäàâàåìàÿ óðàâíåíèåì y = 1.
Îáðàçîì òî÷êè z5 = 1/2 ÿâëÿåòñÿ òî÷êà w5 = −i. Òî÷êà z5 íàõîäèòñÿ âíå îáëàñòè

Z1, ñëåäîâàòåëüíî, îáðàçîì Z1 ÿâëÿåòñÿ âåðõíÿÿ ïîëóïëîñêîñòü. Òî÷êà z5 íàõîäèòñÿ
â îáëàñòè Z2, ñëåäîâàòåëüíî, îáðàçîì Z2 ÿâëÿåòñÿ ïîëóïëîñêîñòü, íàõîäÿùàÿñÿ íèæå
ïðÿìîé C ′

2.
Òàêèì îáðàçîì, èñêîìîé îáëàñòüþ W ÿâëÿåòñÿ ïîëîñà, çàäàâàåìàÿ íåðàâåíñòâàìè

0 < Im w < 1 .

á) Z � âíåøíîñòü êðóãà ñ öåíòðîì â òî÷êå z0 = 1 ðàäèóñà a = 1; W � êðóã ñ
öåíòðîì â òî÷êå w0 = 0 ðàäèóñà b = 2.

Ôóíêöèÿ f1(z) = z − 1 ïðåîáðàçóåò îáëàñòü Z â îáëàñòü Z1 � âíåøíîñòü êðóãà ñ
öåíòðîì â òî÷êå z0 = 0 ðàäèóñà a = 1.

Ôóíêöèÿ f2(z) = 1/z ïðåîáðàçóåò îáëàñòü Z1 â îáëàñòü Z2 � êðóã ñ öåíòðîì â
òî÷êå z0 = 0 ðàäèóñà a2 = 1/a = 1.

Ôóíêöèÿ f3(z) = 2z ïðåîáðàçóåò îáëàñòü Z2 â îáëàñòü W .
Èñêîìàÿ ôóíêöèÿ ìîæåò áûòü çàäàíà â âèäå

f(z) = f3

(
f2

(
f1(z)

))
=

2

z − 1
.

2. Ïðîâåðèòü äèôôåðåíöèðóåìîñòü è àíàëèòè÷íîñòü ôóíêöèé:

à) f(z) = sin(iz) ; á) f(z) = |z|+ 1

z
.

Ðåøåíèå.

Ìû èñïîëüçóåì îáîçíà÷åíèÿ:

x = Re z , y = Im z , u = Re f(z) , v = Im f(z) .
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à)
f(z) = sin(iz) = sin(−y + i x) ;

òîãäà
u = − cosh x · sin y , v = sinh x · cos y .

Íàõîäèì:

∂u/∂x = − sinh x · sin y , ∂u/∂y = − cosh x · cos y ,

∂v/∂x = cosh x · cos y , ∂v/∂y = − sinh x · sin y .

Óðàâíåíèÿ Êîøè�Ðèìàíà

∂u/∂x = ∂v/∂y , ∂u/∂y = −∂v/∂x

âûïîëíÿþòñÿ âî âñåé îòêðûòîé êîìïëåêñíîé ïëîñêîñòè. Ñëåäîâàòåëüíî, ôóíêöèÿ
f(z) àíàëèòè÷íà âî âñåé îòêðûòîé êîìïëåêñíîé ïëîñêîñòè.

á)

f(z) = |z|+ 1

z
;

òîãäà
u =

√
x2 + y2 +

x

x2 + y2
, v = − y

x2 + y2
.

Íàõîäèì:
∂u

∂x
=

x√
x2 + y2

+
1

x2 + y2
− 2 xy

(x2 + y2)2
,

∂u

∂x
=

x√
x2 + y2

+
(x− y)2

(x2 + y2)2
,

∂u

∂y
=

y√
x2 + y2

− 2 xy

(x2 + y2)2
,

∂v

∂x
=

2 xy

(x2 + y2)2
,

∂v

∂y
=

(x− y)2

(x2 + y2)2
.

Óðàâíåíèÿ Êîøè�Ðèìàíà

∂u/∂x = ∂v/∂y , ∂u/∂y = −∂v/∂x

íå âûïîëíÿþòñÿ îäíîâðåìåííî íè â êàêîé òî÷êå êîìïëåêñíîé ïëîñêîñòè. Ñëåäîâà-
òåëüíî, ôóíêöèÿ f(z) íèãäå íå ÿâëÿåòñÿ íè äèôôåðåíöèðóåìîé, íè àíàëèòè÷åñêîé.

3. Íàéòè àíàëèòè÷åñêóþ ôóíêöèþ f(z) = u(x, y) + i v(x, y), åñëè u(x, y) = sin x ·
cosh y.

Ðåøåíèå.

u = sin x · cosh y .

Â äàííîì ñëó÷àå

∂u/∂x = cos x · cosh y , ∂u/∂y = sin x · sinh y ,

∂2u/∂x2 + ∂2u/∂y2 = − sin x · cosh y + sin x · cosh y = 0 ;
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ôóíêöèÿ u ÿâëÿåòñÿ ãàðìîíè÷åñêîé, ñëåäîâàòåëüíî, èñêîìàÿ àíàëèòè÷åñêàÿ ôóíêöèÿ
ñóùåñòâóåò.

Çàïèñûâàåì óðàâíåíèÿ Êîøè�Ðèìàíà:

∂v/∂x = −∂u/∂y = − sin x · sinh y ,

∂v/∂y = ∂u/∂x = cos x · cosh y .

Èíòåãðèðóåì ïåðâîå óðàâíåíèå:

v =
∫
− sin x · sinh y dx + ϕ(y) = cos x · sinh y + ϕ(y) .

Ïîäñòàâëÿåì ïîëó÷åííóþ ôóíêöèþ âî âòîðîå óðàâíåíèå:

cos x · cosh y + ϕ′(y) = cos x · cosh y .

Ïîëó÷àåì
ϕ′(y) = 0 ;

ϕ(y) = C = const ,

v = cos x · sinh y + C ;

f(z) = sin x · cosh y + i · cos x · sinh y + C .

Îêîí÷àòåëüíî,
f(z) = sin z + C .

4. Ðàçëîæèòü ôóíêöèþ â ðÿä Ëîðàíà â êîëüöå:

f(z) =
1

(z + 2)3 (z − 1)
+

sin z

z2
, |z| > 1 .

Ðåøåíèå.

à) Â óñëîâèè, âèäèìî, èìååòñÿ â âèäó, ÷òî 1 < |z| < 2.
Èòàê,

f(z) =
1

(z + 2)3 (z − 1)
+

sin z

z2
1 < |z| < 2 .

Ðàçëîæèì ñíà÷àëà â ðÿä ñëåäóþùóþ ôóíêöèþ:

sin z

z2
=

1

z2

∞∑
k=0

(−1)k

(2k + 1)!
z2k+1 =

∞∑
k=0

(−1)k

(2k + 1)!
z2k−1

=
1

z
+

∞∑
k=0

(−1)k+1

(2k + 3)!
z2k+1

Ðàçëîæèì íà ýëåìåíòàðíûå äðîáè äðîáíî-ðàöèîíàëüíóþ ôóíêöèþ:

1

(z + 2)3 (z − 1)
=

µ1

z − 1
+

µ20

(z + 2)3
+

µ21

(z + 2)2
+

µ22

z + 2
.

Îáîçíà÷èâ ξ = z + 2, ïîëó÷èì

1

ξ3 (ξ − 3)
=

µ1

ξ − 3
+

µ20

ξ3
+

µ21

ξ2
+

µ22

ξ
.
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Êîýôôèöèåíò µ1 ìîæåò áûòü îïðåäåëåí ñðàçó:

µ1 = (1/3)3 = 1/27 .

Îñòàëüíûå êîýôôèöèåíòû îïðåäåëÿåì ñëåäóþùèì îáðàçîì:

µ20

ξ3
+

µ21

ξ2
+

µ22

ξ
=

1

ξ3 (ξ − 3)
− µ1

ξ − 3

=
1− ξ3/27

ξ3 (ξ − 3)
= −ξ2 + 3 ξ + 9

27 ξ3
,

îòêóäà
µ20 = −1/3 , µ21 = −1/9 , µ22 = −1/27 .

Òàêèì îáðàçîì,

1

(z + 2)3 (z − 1)
=

1/27

z − 1
+

−1/3

(z + 2)3
+

−1/9

(z + 2)2
+
−1/27

z + 2
.

Èñïîëüçóåì ôîðìóëó äëÿ ñóììû ýëåìåíòîâ ãåîìåòðè÷åñêîé ïðîãðåññèè
∞∑

k=0

zk =
1

1− z
(|z| < 1) .

Èç äàííîé ôîðìóëû ñëåäóåò:
ïðè |z| < |z0|

1

z − z0

=
−1/z0

1− z/z0

= − 1

z0

∞∑
k=0

(z/z0)
k

= −
∞∑

k=0

z−k−1
0 · zk ;

ïðè |z| > |z0|

1

z − z0

=
1/z

1− z0/z
=

1

z

∞∑
k=0

(z0/z)k

=
∞∑

k=0

zk
0 · z−k−1 =

∞∑
k=1

zk−1
0 · z−k .

Èñïîëüçóåì òàêæå ñëåäóþùèå ôîðìóëû, êîòîðûå ìîãóò áûòü ïîëó÷åíû ïðè äèô-
ôåðåíöèðîâàíèè ôîðìóëû äëÿ ñóììû ýëåìåíòîâ ãåîìåòðè÷åñêîé ïðîãðåññèè:

∞∑
k=0

(k + 1) zk =
1

(1− z)2
(|z| < 1);

∞∑
k=0

1

2
(k + 1)(k + 2) zk =

1

(1− z)3
(|z| < 1).

Èç äàííûõ ôîðìóë ñëåäóåò:
ïðè |z| < |z0|

1

(z − z0)2
=

1/z2
0

(1− z/z0)2
=

1

z2
0

∞∑
k=0

(k + 1) (z/z0)
k
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=
∞∑

k=0

(k + 1) z−k−2
0 · zk;

àíàëîãè÷íî, ïðè |z| < |z0|

1

(z − z0)3
=

∞∑
k=0

1

2
(k + 1)(k + 2) z−k−3

0 · zk;

Â ðåçóëüòàòå ïîëó÷àåì:

1

(z + 2)3 (z − 1)
=

1

27

∞∑
k=1

z−k +
1

27

∞∑
k=0

(−2)−k−1 zk

−1

9

∞∑
k=0

(k + 1) (−2)−k−2 zk +
1

3

∞∑
k=0

1

2
(k + 1)(k + 2) (−2)−k−3 zk

=
1

27

∞∑
k=1

z−k +
∞∑

k=0

(−2)−k
(
− 1

2 · 27
− 1

4 · 9
− 1

8 · 3

)
zk

=
1

27

∞∑
k=1

z−k − 19

216

∞∑
k=0

(−2)−k zk

Îêîí÷àòåëüíî,

f(z) =
1

z
+

∞∑
j=0

(−1)j+1

(2j + 3)!
z2j+1 +

1

27

∞∑
k=1

z−k − 19

216

∞∑
k=0

(−2)−k zk

=
28

27
z−1 +

∞∑
j=0

(−1)j+1

(2j + 3)!
z2j+1 +

1

27

∞∑
k=2

z−k − 19

216

∞∑
k=0

(−2)−k zk

=
∞∑

k=−∞
αk zk ,

ãäå
α−1 = 28/27 ;

α−k = 1/27 (k = 2, 3, ...);

αk = (−1)k+1 19

216
2−k

äëÿ ÷åòíûõ íåîòðèöàòåëüíûõ k;

αk = (−1)k+1 19

216
· 2−k +

(−1)j+1

(2j + 3)!

äëÿ íå÷åòíûõ ïîëîæèòåëüíûõ k = 2j + 1.

á) z0 = 0;

f(z) =
cos z

z2
+

1

1− z
.

Ïðè |z| < 1
1

1− z
=

∞∑
k=0

zk .
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Ïðè 0 < |z| < ∞

cos z

z2
=

1

z2

∞∑
k=0

(−1)k z2k

(2k)!
=

1

z2

(
1 +

∞∑
k=1

(−1)k z2k

(2k)!

)

=
1

z2
+

∞∑
k=1

(−1)k z2 (k−1)

(2k)!
= z−2 +

∞∑
k=0

(−1)k+1 z2k

(2k + 2)!
.

Îòñþäà ïðè 0 < |z| < 1

f(z) = z−2 +
∞∑

j=0

(−1)j+1 z2j

(2j + 2)!
+

∞∑
k=0

zk = z−2 +
∞∑

k=0

αk zk ,

ãäå
αk = 1 äëÿ íå÷åòíûõ k = 2j + 1 ;

αk = 1 +
(−1)j+1

(2j + 2)!
äëÿ ÷åòíûõ k = 2j .

5.

a) Âû÷èñëèòü ñ ïîìîùüþ èíòåãðàëüíîé ôîðìóëû òèïà Êîøè:

∮
Γ

cos2 z + 1

(z − π)2
dz , Γ : |z − 2| = 3 .

á) Âû÷èñëèòü ñ ïîìîùüþ îñíîâíîé òåîðåìû î âû÷åòàõ:∮
Γ
(1 + z + z2) · e

1
z−2 dz , Γ : |z − 3| = 2 .

Ðåøåíèå.

à) Γ � êðóã ñ öåíòîì z0 = 2 ðàäèóñà a = 3;

W =
∫

C

Φ(z)

(z − π)2
dz , Φ(z) = (cos z)2 + 1 .

Îäíà èç èíòåãðàëüíûõ ôîðìóë Êîøè èìååò âèä∮
Γ

Φ(z)

(z − z1)2
dz = 2π i · Φ′(z1) ,

ãäå Φ(z) � àíàëèòè÷åñêàÿ ôóíêöèÿ; z1 � âíóòðåííÿÿ òî÷êà îáëàñòè, îãðàíè÷åííîé
êîíòóðîì Γ.

Â äàííîì ñëó÷àå z1 = π;

Φ′(z) = 2 cos z sin z = sin(2z) ,

Φ′(z1) = 0 ,

ñëåäîâàòåëüíî, èñêîìûé èíòåãðàë ðàâåí

W = 0 .
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á) Γ � êðóã ñ öåíòîì z0 = 3 ðàäèóñà a = 2;

W =
∮
Γ
f(z) dz , f(z) = (1 + z + z2) · e1/(z−2) .

Ôóíêöèÿ f(z) èìååò îäíó îñîáóþ òî÷êó z1 = 2, íàõîäÿùóþñÿ âíóòðè îêðóæíîñòè
Γ. Ïîýòîìó èñêîìûé èíòåãðàë ðàâåí

W = 2π i · resz1f(z) .

Ïîëîæèì z = ξ + 2. Òîãäà

f(z) =
(
1 + ξ + 2 + (ξ + 2)2

)
· e1/ξ = (7 + 5 ξ + ξ2) ·

∞∑
k=0

1

k!
ξ−k

= 7
∞∑

k=0

1

k!
ξ−k + 5

∞∑
k=0

1

k!
ξ−k+1 +

∞∑
k=0

1

k!
ξ−k+2

= 7
∞∑

k=0

1

k!
ξ−k + 5

∞∑
k=−1

1

(k + 1)!
ξ−k +

∞∑
k=−2

1

(k + 2)!
ξ−k .

Îòñþäà
resz1f(z) =

7

1!
+

5

2!
+

1

3!
=

58

6
=

29

3
è

W = 2π i · 29/3 = i · 60.73746 .

6. Ðåøèòü óðàâíåíèå îïåðàöèîííûì ìåòîäîì:

x′′ + x = t et + 4 sin t , x(0) = x′(0) = 0 .

Ðåøåíèå.

Ïðè ðåøåíèè îïåðàöèîííûì ìåòîäîì ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
âòîðîãî ïîðÿäêà

α2
d2

dt2
Φ(t) + α1

d

dt
Φ(t) + α0 Φ(t) = f(t)

ñ ó÷åòîì íà÷àëüíûõ óñëîâèé Φ(0) = x0 è Φ′(0) = x1 íåîáõîäèìî ïðèìåíèòü ïðåîá-
ðàçîâàíèå Ëàïëàñà ê îáåèì ÷àñòÿì äàííîãî óðàâíåíèÿ. Ïóñòü ïðè ïðåîáðàçîâàíèè
Ëàïëàñà ôóíêöèÿì Φ(t) è f(t) ñîîòâåòñòâóþò ôóíêöèè Ψ(p) è F (p); òîãäà ôóíêöèÿì
Φ′(t) è Φ′′(t) ñîîòâåòñòâóþò ôóíêöèè

p Ψ(p)− x0 è p2 Ψ(p)− p x0 − x1;

â ðåçóëüòàòå ïîëó÷àåì óðàâíåíèå

Q(p) Ψ(p)− α2 (p x0 + x1)− α1 x0 = F (p),

îòêóäà

Ψ(p) =
F (p)

Q(p)
+

1

Q(p)

(
α2 (p x0 + x1) + α1 x0

)
.

Çäåñü
Q(p) = α2 p2 + α1 p + α0
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� õàðàêòåðèñòè÷åñêèé ïîëèíîì èñõîäíîãî óðàâíåíèÿ.
Äëÿ îïðåäåëåíèÿ ôóíêöèè F (p) è âîññòàíîâëåíèÿ ôóíêöèè Φ(t) ïî çàäàííîé

ôóíêöèè Ψ(p) èñïîëüçóåì ñëåäóþùåå òàáëè÷íîå ïðåîáðàçîâàíèå Ëàïëàñà (îáðàçîì
ôóíêöèè g(t) ÿâëÿåòñÿ ôóíêöèÿ G(p)):

ïðè g(t) =
tn−1

(n− 1)!
G(p) =

1

pn
(n = 1, 2, ...).

Èñïîëüçóÿ ôîðìóëó äëÿ ñäâèãà àðãóìåíòà ó èçîáðàæåíèÿ, ìîæíî òàêæå ïîëó÷èòü

ïðè g(t) =
1

(n− 1)!
tn−1 eat G(p) =

1

(p− a)n
(n = 1, 2, ...).

Â äàííîì ñëó÷àå
x0 = 0 , x1 = 0 ,

f(t) = t et + 4 sin t = t et − 2i eit + 2i e−it ,

Q(p) = p2 + 1 .

Îòñþäà
F (p) =

1

(p− 1)2
+

4

p2 + 1
;

Ψ(p) =
1

(p− 1)2 (p2 + 1)
+

4

(p2 + 1)2

=
1

(p− 1)2 (p− i)(p + i)
+

4

(p− i)2 (p + i)2
.

Ðàçëîæèì äàííóþ äðîáíî-ðàöèîíàëüíóþ ôóíêöèþ íà ýëåìåíòàðíûå äðîáè. Çäåñü
ëåã÷å ðàñêëàäûâàòü êàæäîå ñëàãàåìîå â âûðàæåíèè äëÿ Ψ(p) îòäåëüíî. Ó÷èòûâàÿ
ôîðìóëó

1

(z − z1)(z − z2)
=

1/(z1 − z2)

z − z1

+
1/(z2 − z1)

z − z2

,

ïîëó÷èì
2

p2 + 1
=

−i

p− i
+

i

p + i
,

4

(p2 + 1)2
=

(
−i

p− i
+

i

p + i

)2

=
−1

(p− i)2
+

−i

p− i
+

−1

(p + i)2
+

i

p + i
;

1

(p− 1)2 (p2 + 1)
=

1− p/2

(p− 1)2
+

p/2

p2 + 1
=

1/2

(p− 1)2
+
−1/2

p− 1
+

1/4

p− i
+

1/4

p + i
;

îêîí÷àòåëüíàÿ ôîðìóëà ðàçëîæåíèÿ

Ψ(p) =
1/2

(p− 1)2
+
−1/2

p− 1
+

−1

(p− i)2
+

1/4− i

p− i
+

−1

(p + i)2
+

1/4 + i

p + i
.

Âûïîëíÿåì îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà:

Φ(t) =
1

2
t et − 1

2
et − t eit + (1/4− i) eit − t e−it + (1/4 + i) e−it .
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Èñêîìîå ðåøåíèå

Φ(t) =
1

2
(t− 1) et + (1/2− 2t) cos t + 2 sin t .

Ïðîâåðêà ðåçóëüòàòà:

Φ′(t) =
1

2
t et + (2t− 1/2) sin t ,

Φ′′(t) =
1

2
(t + 1) et + (2t− 1/2) cos t + 2 sin t ,

Φ′′(t) + Φ(t) = t et + 4 sin t ,

Φ(0) = 0 , Φ′(0) = 0 .


