6. IMoToxkm B ceTax

B mannOM pasnene cems — 3TO CBSI3HBIN OpHEHTHPOBaHHBIN Ipad G = (V, E)
0e3 merenb ¥ MyJIBTHAYT C OAHUM MCTOYHHKOM § U OZHUM CTOKOM #, B KOTOPOM
KakJ101 gyre (i, j) € E npunucana npormycKkHas ciocobHOCTh by > 0.

ITlomoxom W3 UCTOYHMKA S B CTOK ¢ (WM s-t-nomokom) B ceTh G Ha30BeM
MHOKECTBO HEOTPHIATENBHBIX 9UCeN Xy, (i, /) €E, yIOBIETBOPSAIONINX YCI08UAM
COXpaneHus nomoxa

-V, J=5
Zx{.,.— Zx/.k= 0, j#s.8
i, )eE  ki(jh)eE v, j=t
Y OTPAaHUYCHUSM Ha JTyTOBBIC TOTOKH
0 < xi,- < by ) (Z,J)EE,
rJie IEpEMCHHAs v — 00II[as BEJMYHHA [TOTOKA.

6.1. Haxoxxaenne MaKCHMAJILHOIO MMOTOKA

3a;[aqy HaXO0XJICHUA I1I0TOKa MaKCHUMAaJIbHOM MOIITHOCTHU (MaKCI/IMaJILHOFO
HOTOKa) MOKHO 3aIcaTb B BUIC

v= szj — max; 6.1)
Ji(s, j)eE
-V, ] =S,
i-(i%:e);ij _k‘(jzk;:;ik 1% ¢ o 6.2)
v 7 v, j=t
0<x;< by, (ij)eE. (6.3)

C 3amaueit (6.1)—(6.3) cBs3aHO cleayolee MOHsATHE.
Omnpenenenwne 6.1. ITycts MEHOXKecTBa X 1 X ecTh pa3ducHue V. Paspezom

X }) CEeTH Ha3bIBaeTCss MHOXKeCTBO AT {(7, /)€ E}, Ui KOTOPBIX:

- ie X je X wim

— i€ } je X.

Hac Oynyt nHTEpecoBaTh pa3pesbl, pa3AeisoIue y3Ibl § U ¢, KOTOpbIE Ha-
30BEM s-t-paspesami. ByjieM NpenonaraTh Mpu 3ToM, 4To s € X, at € X .
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Onpenenenue 6.2. IIponycknou cnocobHocmvlo paspesa (X,}) Ha30BeM
BEJTUYHMH X) = .
YC(X,X)= Db,
ieX,jeX
OueBuHO, B o0mem cirydae C(X, X ) = C( }, X).
3amMeTuM, 4TO S-t-pazpe3 sBiseTcs y3kum mecmom cetu. U3 (6.2) u (6.3)
CJIEJIyeT, YTO BEIMYMHA MOTOKA V HE MOXET MPEBOCXOAUTH MPOMYCKHYIO CIIO-

cobOHOCTh JIt00oro s-t-paspesa, T. €. v < C(X, X ), s € X, t € X . CnpasezuBa
Cleyroliast TeopemMa.

Teopema 6.1 (Popna—Pankepcona). B moboii cetn BeanynHa MaKCUMaJb-
HOTO  §-/-TIOTOKA  paBHa  IPOIYyCKHOW  CIIOCOOHOCTM  MHHHUMAaJbHOTO
s-t-paspesa.

O003HaYNM $-1-TTOTOK Yepe3 Fy, — 3TO MHOKECTBO HEOTPUIATEIHHBIX YHCEI
{x;}, ynoBneTBopsromux yciaobusam (6.2) u (6.3).

Onpenenenue 6.3. ITycts P — HEKOTOPBINA ITyTh, IO KOTOPOMY HUIET MOJOKH-
TENBHBIA OTOK U3 UCTOYHUKA B CTOK. [yra (i, j) € P sBusercs npsamotu Tyrou
myTd P, eciu HampaBJICHHE TOTOKA B IyTH COBIAJacT C e¢ OopHeHTarnmeill. Bece
JpyTHe OYTH IMyTH Ha30BeM oOpammusimu. Bynem Ha3bIBaTh MyTh U3 § B ¢ ygeiu-
yueaiowuM NOToK F,, ecnn x; < b Ha BCceX NPAMBIX Jyrax u Xx; > 0 Ha Bcex 00-
PaTHBIX JyTax 3TOTO ITyTH.

Craenctaue 6.1. IToTok F; MakcuMaJieH TOJIBKO TOT/Ia, KOT/Ia HE CYIIECTBYET
MYTH, YBEJINYUBAIOIIETO TOTOK F,.

[TycTh B nanpHeIIEM POMYCKHBIE CIOCOOHOCTH JIYT U, CIIEA0BATENbHO, Be-
JUYHMHA TI0TOKA — IIeJIble HeOTpHIaTeNbHble unciia. [IpuBeseM anropurMm mo-
CTPOCHHSI MaKCHMAJIFHOTO TOTOKAa, KOTOPHI YacTO Ha3bIBAIOT A120PUMMOM
paccmanosku nomemox Popoa—Panxepcona.

Bo Bpemst paboThl anropuT™Ma Kakablid y3eld MOXKET HaXOAWUTCS B OJJHOM U3
TPEX COCTOSHHMA:

— HE TTIOMCYCH;

— TIOMEYeH;

— TIOMEYeH U IPOCMOTPEH.

IlTar 1 (paccTaHoBKa moMeTOK). BHawane Bce y3nbel He moMmedeHbl. MeTka
y3J1a j COCTOUT U3 ABYX YacCTEM:

1) uHzeKca i, eciu MOKHO YBEJIMUMTh MOTOK U3 i B j, MIIM MHJEKCA i, €CIIH
MOYXHO YMEHBIIUTH OOpaTHBII MOTOK U3 B I;

2) uncna &(j), yKa3bIBaIOIIEro MaKCHMAaJIbHYIO BEIMYHHY IOTOKA, KOTOPYIO
MOXHO TIOCJIaTh U3 UCTOYHHKA S B j, HE Hapyllas OrpaHUYeHUI Ha MPOITyCKHbIE
CIIOCOOHOCTH.

CHayaja MCTOUHMK § MONydaeT MeTKy [s',&(s)=co]. Temeph BepiIMHA s TIO-
MEUeHa, a BCE OCTaJIbHBIC Y3JIbl HE TOMEYCHBI.

Bribepem 1r000# MMOMEUYCHHBIH, HO HE MPOCMOTPEHHBIA y3en j. [lycTth oH
umeer MetKy [i',&(j)] wmu [i7,&(7)]. KaxkmoMy HenmomedeHHOMY y3i1y k, CMEKHO-
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My C j, MIi KoToporo xj < by, npunumem Metky [, &k)], e
&k) = min{&(j), by — x;}. Takue BepmMHBI k Teneph nMoMedeHsl. Beem cmex-
HBIM C j HETIOMEUEHHBIM BEpIIMHAM Kk, JJIs1 KOTOPBIX Xi; > 0, IPUIUIIEM METKH
i~ &k)], rne (k) = min{&(j), x;}. Takue BepuIMHEI k Teneph TakKe MOMEUEHBI.

Korna Bce cMeXHBIE € j y3JIbI TOIYYMIN IOMETKH, BEPIINHA j CYATAETCS I10-
MEUCHOH U MPOCMOTPEHHO.

PaccMoTtpum nipyrue noMeueHHbIe, HO HE IPOCMOTPEHHBIE Y3IIbl ¥ TOBTOPHM
MPOIENypy PACCTAHOBKM ITOMETOK, MOKA ! HE OKAXKETCS MMOMEUYCHHBIM, JTHOO
HENB3sI OOJBIEe MMOMETUTh HU OJIHY BEpPIINHY, W CTOK { OCTaJICS HE TOMEYCH.
B mocnenneM ciydae He CYIIECTBYET ITyTH U3 S B {, YBEIMYUBAIOIICTO IMOTOK,
T. €. TeKYIIUIA TOTOK MaKCHMaJIeH.

Ecmu y3en ¢ momeueH, TO Ha mare 2 HaWAeTcs MyTh, IO KOTOpPOMY OyaeT
YBEJIWYCH MOTOK.

Illar 2 (yBenuuenue notoka). Eciu ctok ¢ umeer nometky [k, &(f)], To mo-
JOXKUM X, = Xy, + &f). Ecim t mmeer mometky [k, &(f)], TO TONOXHM
Xy = Xy — &(t). Tlepeiinem K y3iy k.

Ecmu k umeet nometky [j, &(k)], To monosxum X = Xy + &(f). Ecu k umeer
noMeTky [, &(k)], To monoxum xy; = xi; — &(f). [lepexoanm x ysiy j.

[Ipomomkum 3TOT mpolecc, MoKa He JAOCTUTHEM BepmuHBEI s. CoTpeM Bce
MMOMETKH | mepeiiaeM Ha mar 1.

B MomeHT 3aBepiieHus padoThl anropurMa (Ha mare 1) MHOXECTBO MOMe-

YEHHBIX BepIIMH X TakoBO, 4TO OyrH (i, j), i € X, j € X HachllleHBL, T. €.

X; = by, 1 HeT 06paTHBIX AYT (j, i), /Ul KOTOPBIX X; > 0. CnepoBarensHo, (X, X )
SIBIISICTCS MHHAMAJIEHBIM Pa3pe30M, a IMOTyYSHHBIH MOTOK MaKCHMAJICH.

Hpumep 6.1. Ha puc. 6.1 npuBeneHa ceTh, I psaoM ¢ Kaxaol Ayrod yka-
3aHBI JBa YHCJIa — MPOITyCKHAs CIIOCOOHOCTH M MOTOK 10 Ayre. Bocnoms3yemcs
ANITOPUTMOM PACCTaHOBKM IOMETOK Ui HAaXOXICHUS MaKCHMAaJIbHOTO S§-f-
MOTOKA.

Ilar 1. Mpunumem y3iy s MeTKy [s', co]. Y3en s UMeeT 1Be CMeKHbIE Bep-
nmHs 1 u 2. [TomernTs 1 HENB34, Tak Kak xyra (s, 1) HachImeHa U HET TyTOBOTO
nmotoka x;; > 0. VYsmy 2 mpumuchiBaeM MeTKy [s', 1], MOCKOMBKY
&2) = min{&(s), by, — xp} = min{eo 1} = 1. Teneps y3ex s IPOCMOTpeH, a 2 —
MTOMEYEH.

V3en 2 umeeT Be HEOMEUEHHBIE CMEXHbIe BepUIMHbI | U ¢. BepmnHa ¢ He
MOXeT OBbITh TToMeueHa (ayra (2, ) HachllleHa), a y3en 1 noiydaer metky [27,1],
mockombKy &(1) = min{&(2), x1,} = min{l, 1} = 1. Teneps y3ex 2 mpocMOTpeH, a
1 — momeyeH.

VY BepmuHbl | OJIMH HETIOMEYEHHBIM CMEXHBIA y3€l f, KOTOPBIA MOTy4YaeT
merky [17, 1] , mockoneky &) = min{&(l), by, — x;,}= min{l, 3 — 0} = 1.
Ha puc. 6.1 ykazansl MeTKH BepiiuH. BepinuHa ¢ okazanach MOMEYeHHOH, 3Ha-
YHT CYIIECTBYET YBEIMYUBAIOIINHI ITyTh, KOTOPEIA OYIET HaiIcH Ha mare 2.
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(17, 1]

[s% 1]

Puc. 6.1

Iar 2. Y3en t uMEeT METKY [1+, 1]. lonaraem xy; = x;, + 1 = 1 u nepexoaum
K y3ny 1, umetomemy nometky [27, 1]. [onaraem x,; = x; — 1 = 0 u mepexogum
K y31y 2, umeromemy rometky [s', 1]. Tlonaraem x,, = x,o + 1 = 2. HoBbli 110-
TOK n300pakeH Ha puc. 6.2. Bepuemcs k miary 1.

Puc. 6.2

Illar 1. Ipunumem y31y s MeTKy [s*,c0]. CMexHbIe BeplIHHbI 1 1 2 He Mo-
TyT OBITh MTOMEYCHBI, TaK Kak AyTHd (s, 1) u (s, 2) HacemeHsl. Cle0BaTeNbHO,
HaliIeH MOTOK MaKCUMaJIbHON MOIIHOCTH (CM. pHC. 6.2).

70



6.2. IToTOKM MUHUMAJILHOI CTOUMOCTH

ITycTh 1OMOMHUTENBHO KAXKAOH Ayre CeTH MPUITMCAH HEOTPULATENIbHBINA BEC
Cjj, PABHBIA CTOMMOCTH TPAHCIIOPTUPOBKHM €IMHHIIBI NOTOKA Mo ayre (i, j) € E.
3ajaya MoucKa s-¢-I0TOKa 33aHHON MOITHOCTH V M MUHHMAJIBHOH CTOMMOCTH
MUMEET BU

z= Y cpx, > min; (6.4)
(i.))eE
-V, j=s;
R v, j=t;

[IpuBenem nBa anropuT™a perieHus 3agaqn (6.4)—(6.6).
Auroputm bacakepa—Toyana

Llar 0. [Tonoxuth Bce AyroBbl€ MOTOKH M, CIEAOBATEIbHO, BEIMUYUHY IO-
ToKa v = 0.

.
Ilar 1. Onpexennts MOAU(HUMPOBAHHBIE TYTOBBIE CTOMMOCTH C;, 3aBH-

CAIIME OT BEJIMYUHBI HaﬁHeHHOFO IIOTOKa

i 05X, <by

C[/': +OO, X.. Zb

i i

C

—Cu X, >0.
Llar 2. HafiTi myTh U3 § B { MUHUMAITFHON JUTMHBI (TTOJNIArast [UIMHY KaXKIOH
*
nyru (i, j), paBHOI Cij) W YBEJIIMYHUTH HA EIWHUILY MOTOK MO 3ToMy IyTH. Ecnn

BEJIMYMHA HOBOTO IIOTOKA paBHAa Vv, TO QIrOPUTM 3aKaH4YMBaeT padory.
B mpotuBHOM ciny4ae nepeiiTu Ha mar 1.

3aMeTuMm, 4TO, KOTJa 3aJaHa HEOPUEHMUPOBAHHAs CETh C BBIIEIEHHBIMU UC-
TOYHHUKOM S ¥ CTOKOM {, OpPHEHTAIHs pedep, MHIUACHTHBIX S U f, ONIPeAeseTcs
OJTHO3HAYHO. PaccMOTpUM ClIeAyIOmiA IpuMep.

Hpumep 6.2. HeopuetnpoBanHas ceTh n300pakeHa Ha puc. 6.3 a, Tae mep-
BOC YHCIIO PSAAOM C peOpOM PaBHO MPOILYCKHOM CIIOCOOHOCTH, a BTOPOE — CTOU-
MOCTH TPAaHCIIOPTHPOBKU €AMHHMIIBI MOTOKA. TpeOyeTcs HaliTH MOTOK BETMIMHBI
v = 2 MUHUMAJIGHOW CTOUMOCTH.
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[Ipom. cnoc.

1,1 1,2 CTONMOCTH
@ o 1 1,2 ) 1,1 @ u
2,2 /
@)
1 1
O I O———=0 b
1 /
(4)
Puc. 6.3

IIpumenum anroputm bacakepa—I'oysHa.
[lar 0. ITonaraem Bce yrosble NOTOKHU x; = 0.

*
Iar 1. OnpexaenseM MOTUPUIIUPOBAHHBIE CTOMMOCTH ¢ =C;-

MaTpHIle PACCTOSHUH ||c;, ||. 910 wemmu {s, 1, 2, ¢} u {s, 3, 2, t}. Bo3smeMm mep-

Hlar 2. HaxonuM MUHHMMANbHYIO MO JJIMHE (CTOMMOCTH) LI€Nb U3 S B { MO

Byt0 u3 HUX. [lomyunm x,; = x1, = x,, =1. [lepeiinem Ha mar 1.

*
Iar 1. [Tepecuntaem C;

£

¥
C,; = o, TaK KaK Xg = by = 1; ¢, = -1,

* *
C, = o, TaK KaK X1, = b;p = 1; ¢,; = —1;
*

*
C,, = o0, TaK KaKk Xy = by, = 1; ¢,, = 1.
Bce ocranbHele ¢; ocTaroTcs 63 M3MEHEHHH.
X
Ilar 2. Haxoaum 1enb U3 S B £ MUHUMAQJIBHOM JJIMHBL, UCHIOJB3YS Cy - Ot0

{s, 3,2, 1, 4, t}, nnuHa KOoTOpOH paBHa 5. [IpONMyCTUB €AMHUILY MOTOKA IO ITOM
LeNH, NOIYyYUM TOTOK, N300pakeHHbIH Ha puc. 6.3 6. Ero BennumnHa pana 2.
Cror.
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Auaroputm Kieiina

IMar 1. Haiitu nNpoU3BONBHBIM JOMYCTUMBINA S-f-OTOK BEIUYUHBL V.
(D10 MOXKET OBITH CAETAHO C MMOMOIIBIO permeHus 3anaun (6.1)—(6.3), B koTopoit
HY>KHO YBEJIMYUBATh MOTOK, ITOKA OH HE CTAaHET PaBHEIM V.)

Ilar 2. OnpeaenuTs MOIUPHUINPOBAHHBIE TYTOBEIE CTOMMOCTH

i 05X, <by;

€Ty +o, x;=by;

c

=i X;>0.

Iar 3. Haiitu B cetn nuka otpunarenbHoit ctoumoctu. (IIporenypa naxo-
JKJICHUS OTPUIIATENBHBIX IMKJIOB OmMucaHa B 3amedanuu 6.1.). Eciau orpuna-
TEJIbHOTO LIMKJIa HET, TO HalJIeHHbIH MOTOK onTuMaieH. MHaue yBenuuuTh mno-
TOK IO OTPHLATETbHOMY IUKIY Ha BeNHUMHY O = min{b; — x;;, x;}, TAe MUHHU-
MyM OepeTcs o BCeM JyraM IUKIIa, U nepeitd Ha mar 2. (Eciu B cetu cymiect-
BYET HECKOJIBKO OTPHUIATECIBHBIX I[UKJIOB, TO YBEIHYUTH MOTOK IO KAXKIOMY H3
HUX.)

Teopema 6.2. TIOTOK BEIMYMHBI V ONTUMAJEH TOJIBKO TOTJa, KOIa B CETH

¥
¢ MOANGHUIMPOBAHHBIMH JIYTOBBIMUA CTOMMOCTSIMU C ;j HE CYIIECTBYET OTpHIIa-
TEIBHBIX IIUKJIOB.

Hpumep 6.3. HailT mOTOK MakCUMaJIbHONH MOILIHOCTH MUHUMAJIbHON CTOU-
MOCTH B CETH, U300paKCHHOH Ha puc. 6.4, TJIc TIEPBOC YHCIO PSIIOM C KaXKIBIM

peOpoM paBHO MPOIYCKHOH CIOCOOHOCTH, @ BTOPOE — CTOMMOCTH.

1 6
252 90,9
50,3 @ 10,1 10,2
50,2 45.1 10,8
G306 o 15,8 5 80.4 D
150 103 60,5 10,1 10,3
15,8
10,1 20,2
10,3
® 20,3 ®
Puc. 6.4
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Bocnons3yemcs anropurmom Kieitna.
Illar 1. Haiimem moTOK MakCHUMaJIbHOW MOITHOCTH v = 85. OH n300pakeH Ha
puc. 6.5, TIe TOTy>)KUPHBIC JINHUH — TyTH MAHAMAJIFHOTO pa3pesa.

Puc. 6.5

*

llar 2. OnpenenuM MOAU(UIMPOBAHHBIE CTOUMOCTH C i

Ilar 3. Kam,uaﬂ Ayra MUHAMaJIBHOTO pa3pe€3a HAaChIMICHHAaA, CJI€A0BATEIIBHO,

COOTBETCTBYIOIINE €, = 00, © HU OJIHA Oyra 3TOr0 paszpe3a HE MOXKET BOHTH

®
i
B OTpI/IHaTeHLHLIﬁ k. MiMmeHHO MO3TOMY CEThb MOKHO pa36I/ITL Ha IBC 4aCTu U
HCKATb OTPULATCIIbHBIC UKJIIbI OTACIIBHO B Ka)KZ[Oﬁ U3 HHUX.

* v
MoanpuurpoBaHHbIE CTOUMOCTH ¢; B JICBOI1 YACTH MOMCIIICHbI B Tabm. 6.1.

Tabauya 6.1
i/j S 1 2 4 6
N o 3 o0 o ©
1 -3 o 2 o o0
2 -6 -2 o 1 o
4 o -2 -1 o0 9
6 o0 ) o0 -9 o0
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*

MoaubunupoBaHHble CTOMMOCTH c; B MpaBod YacTH TPEJCTABICHBI
B Tabum. 6.2.

Tabauya 6.2
ilj 3 5 7 8 9 t
3 o0 o0 o 0 0
5 -1 © 5 o o0 0
7 © -5 © -2 © 4
8 -3 o o o0 3 o0
9 o 0 -1 3 o0 o0
t o o —4 o -3 o0

3ameuanue 6.1. [lnsg HAXOXKICHUS OTPULATENFHBIX LUKJIOB MO>KHO BOCIIOJb-
30BaThCS CIENYIOLIEH POLETYPOH.

ITycts (d;;) — MaTpHLa pacCTOSIHUI MEKTY Y3JIaMH CETH M dj; He 00513aTeIbHO
HEeoTpHIaTeNbHbIE. PaccMOTpUM ClleyIoNIyto mepHapHyto (TPEXMECTHYIO) OTle-
panuio:

dy. = min{dy, dy + dy}, i, k #j. 6.7)

Ecmu BemonHATE omeparmio (6.7) mociemoBaTeNbHO I KaKIOTO y3ia
j =1, ..., n, TO OJly4YeHHBIE B pPE3yJibTaTe 3HAYCHUS d; OyAyT AJMHAMH Kpart-
yaluX Lerneil Mexay BCeMH apamu y3J0B.

Takum 00pa3oM, eciii CYIIECTBYET i, Takoe, uTo d; < 0, TO BepIIUHA i TPU-
HAQIJICKUT OTPUIATEIIEHOMY IIHKITY.

Ecmu mpuMeHHUTh TEpHApHYIO OIEpanuio K Tadbi. 6.1, TO moIy4uM OTpulia-
TeNbHBIA TUKA {2, s, 1, 2}. JlobaBuB by — x;; = 10 eqUHUI] TOTOKA 1T0 3TOMY
UKy, TOTYYHM CeTh 03 OTPHUIIATEIFHBIX ITUKIOB. TO ecTh Hai/leH ONTHMAalTb-
HBIN TIOTOK.

B 3akmoueHme OTMETHM, YTO TPYIOEMKOCTh anroputMma bacakepa—I oysHa
3aBHCUT OT BEJIMYMHBI HCKOMOTO ITOTOKA, TOSTOMY IJaHHBIA aJlTOPUTM HE PEKO-
MEH/IyeTCsl IPUMEHATH NpY OOJBIION BENMYMHE MOTOKA. B cioywae v >> 1 myu-
1I€ UCIIONIb30BaTh anroputM Kieiina.

Ynpaxuenus

1. HaliTu Bce MUHUMAIbHBIE S—-pa3pe3bl B CMEIIAHHON CeTH Ha puc. 6.6.
(Hucmo psaoM ¢ KakOpIM peOpoM / Myroil paBHO €ro MPOITYCKHOW CIIOCOOHO-
CTH.)
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Puc. 6.6

2. Haiitn MakcHMaJbHBIH S-#-TIOTOK B CETH Ha pHC. 6.6.

3. Ilyctb B ceTH, M300pakeHHON Ha pHC. 6.6, CTOUMOCTh CAMHUYHOTO TIOTO-
Ka 110 KaXX/10# ayre paBHa 1, a o kaxxaomy pebdpy — 2. HaliTH s-#-moTok MouiHo-
CThIO0 3 MMHUMAJILHOM CTOMMOCTH C MOMOIIbI0 anroputMa bacakepa—I oyana.

4. HaiitTu 5-£-TIOTOK MOITHOCTBIO 2 B CETH, H300paKEHHOW Ha puc. 6.6, ecin
CTOMMOCTB €IMHHMIIBI IOTOKA MO pedpam / TyraM MOMEIICHHI B clieIylomei Ta0-
JHLe:

i/j|s|1]2]3|4[5]6]|7]|¢
s | - 6| —|—-|-|-|—-1-
L [ —[—-1-I3]-|-1-|-1-
2 | —-|- 3 -15]-

3 - -13[-13[4]|1]|-|-
4 |- 1-|-1-1-1-1-1-18
S | -|l-1-1-1-1- -13
6 |- |-|—-[1[—-|3[|-|4]|-
7 1 =T=1=T=1=1T=1=1=
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