2. HHHaMH‘leCKOC NnporpaMMHMupoBaHue

B ocHOBe MeTOJa JISKUT UAes PACCMOTPCHUS MCXOJHOM 3a/aud Kak Tpej-
CTaBHUTENS CEMEHCTBAa CXOJHBIX ¢ HEH 3amau. JImHaAMHYecKoe MporpaMMHpPOBa-
uHue (1) cBsA3aHO ¢ MHOTOMIATOBBEIM (MHOTOASTAIHBIM) MPOIIECCOM MPHHSATHS
pemrenuii. [Ipu 5TOM MO MHOTOIIATOBEIM TIPOILECCOM HPUHATHS PEIICHUH ITO-
HUMAeTCsl JEATENbHOCTh, TPH KOTOPOW MPUHUMAIOTCS TMOCIEIOBATEIEHBIC pe-
IICHUS, HATIpaBJICHHBIC HAa JOCTIDKEHHE ofHo# 1enmu. Meromy I mocsmieHo
MHOJKECTBO ITyOJIMKAINi{, B 9aCTHOCTH paboTHI [1, 2, 5], B KOTOPBIX TOCTaTOYHO
MOIPOOHO PAacCMOTPEHA TEXHWKA PEIIeHHUs 3afad METOIOM TUHAMHUYECKOTO
MIpOrpaMMHPOBAHHS.

B nanHOM paszene Mbl OyJieM U3y4aTh METOJ ITOCTENEHHO 110 MPUHIIUILY «OT
IIPOCTOTO K CIIOKHOMY». HauHeM ¢ pacnpeenurenbHon 3a1auH.

2.1. PacnipeaenuTe/ibHas 3a1a4a

CdopmynupyeM paclipeAeIuTeNbHYI0 3a7ady Ha NpHUMepe IUIAaHHUPOBAHMS
JIESITEIFHOCTH MPEANIpUATHA Ha n JeT. IlycTb mpeampusTHe HMeEeT pecypc B
pasmepe Y eIMHUI], KOTOPBI OHO MOXKET BJIOXKHTH B ITPOM3BOACTBO B TEUCHHUE
n snet. OyHKIuM fi(x) oTpakaroT 3Q(HEKTUBHOCTh UCIIONB30BAHUS X EAUHHMIL pe-
cypca B rox f. TpeOyercst onpeaenuTh MIaH pacxoAa MMEIOIIErocs pecypca Mo
rojgam, 9T00bI MAKCUMH3HPOBATH CYMMapHYIO 3 (EKTHBHOCTD.

0O003HaYMM Yepes3 X, ICKOMYIO BEJIMUMHY pecypca, BKIIAJbIBAEMOT0 B pa3BH-
THE TPOU3BOJCTBA B rox ¢ = 1, ..., n. Torga matemMaTndeckasi MOZEIb MOXKET
OBITH 3amycaHa B BUIE

n
Z Jdx;) — max; (2.1
=1 )
> s 2.2)
t=1
x=>0,t=1, .., n 2.3)

Pemenne 3amaunm (2.1)—(2.3) 6yxeM CTpOHWTH miar 3a IIaroM, ONTHMH3HPYS
Ha TEKYILEeM Ilare pasMep MHBECTULIMH B roj ¢. bynem npennonarats GyHKIMN
f{x) HEyOBIBAIOIIMMH, YTO TIO3BOJISICT MEPEHUTH OT MCXOMHOM 3a7aud K PaBHO-
cwibHOM 3amade (2.1), (2.2"), (2.3), B koTOpoii HepaBeHCTBO (2.2) 3aMEHEHO pa-
BCHCTBOM
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=

x =Y. (2.2)

Jns 3amaun (2.1), (2.2'), (2.3) ucmomszyem obGo3HaueHue <n, Y>. Kpome
TOT0, 0003HAYUM:
— S — ONTHMAIBHOE 3HAYCHHE neneBoit pynakumu (2.1);

* * * 1Y)
—X = (Xl s ey Xy ) — ONTUMAJIBHOC PEHICHUE pacCMaTpPpUBACMOU 3a1a4u, T. €.

* < *
S'=D S
k=1
k
* *
-y k:Z X, — ONTUMAJIbHOE BIIOKEHHE pecypca 3a k IEPBBIX JIET,

i=1

k=1,..., n

Jlaee Bocnoibp3yeMcsl TEPMHHOJIOTHEH U 00o3HavueHusMu U3 [2]. Hapsny c
HUCXOJTHOU 3agauei <n, Y> paccMoTpuM CEMENCTBO 3a7a4
=A<k y>: k=1, .., n 0=<y<Y} Ilycrs S(y) — onTuMaiIbHOE 3HAUCHUE

neneBoi GpyHKIMA 3agadu <k, y>, Torma S'= S(Y).
Teopema 2.1. s 3amaun (2.1), (2.2'), (2.3) cupaBeavBhI CIEoyIOIIUE pe-
KyppeHTHbIe cooTHoweHus JI1:

Si) =), 0<y<Y; (2.4)
&00=gﬁg[&ﬂy—n+ﬁ@nk=z“”mOSysx 2.5)

3HaueHHe MEePEeMEHHON X, IPU KOTOPOM JOCTHUraeTcs MakcuMmyMm B (2.5), 06o-
3HAUUM uepes3 Xi(V) U Ha30BEM VCI0SHO-ONMUMATbHBIM PeuleHUeM.

*
Cnencteue 2.1. YCIOBHO-ONTHUMANBHOE PEHICHHE Xi(), ) ABIAETCA OITH-

v * v
MaJIbHBIM 3HAUYCHHEM k- KOMITOHEHTBI BEKTOpa X WCXOIHOH 3amaun <n, Y>,

* *
T.e x, =x(y ) k=1 ..n
Anroputm [I1 cocrout u3 npamozo xoda (mporecca MOCIEAOBATEIEHOTO
BbIUUCIeHMS BenuuuH Si(v), k =1, ..., n; 0 <y < Y) u o6pamnozo xooa (Boccra-

HOBJICHUS ONITUMAaJIBHOTO pemeHust). Ha mocneanem Imare mpsiMoro xoja Hoiy-

"
4aeM ONTHMAJILHOE 3Ha4Y€HHE NocaenHed mepemeHHol x , = x,(Y). Ilycts yxe
*

* *® *
HalJICHbl ONTHMANbHBIE 3HAYEHMSA X, , .., X, . Torma x,= xiy,), rae

* * *
Vi =™Vt =X -
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Cxema (2.4), (2.5), kak mpaBuiio, TpeOyeT YHCIEHHOTO pacyera, HO HHOTAA
yZ1aeTcsl MOJyYHTh BhIpaskeHne GpyHKuui Si(y) B aHAINTHYECKOM BHJIE.

Hpumep 2.1. Pacemorpum meroxn AIT mis 3amaum (2.1)—(2.3) ¢ dyHkuusiMu
2

f(x,)— ,tnec;>0mi=1,...,n

2
. Y
Opsmoit xon. Ha mepBom mare momydaem S;(y) = —— ¥ YyCIOBHO-
G
onTUMalibHOE perieHue x(y) = y. Janee

- _ (y-x°
Sy(y) = min {f3(x) + §,(y —x)}= min {—+ X
0<x<y 0<x<y ¢, <
Bepakenne B (UTypHBIX CKOOKax NMPECTaBIISET BHITYKIYIO (YHKIHIO, MHHH-
MyM KOTopoﬁ MOXHO HailTH, NPUPABHSB HYJIO €€ Npou3BoAHyr0. Ilomydnm
y?
x -

Y=Y _ 0, otkyna x:(v) = ,aS(y) = .

Cy (& (&) + Cy 1 +C2

C IIOMOIIBIO MaTeMaTHICCKON WHIAYKOUW HETPYAHO J0Ka3aTh, YTO

c
S = 2—, mo) =t o<y<y

Takxum oOpazom,

§'=8,(Y) =

i=1

*
OO0paTHbIi X0/, 3HAs ONTUMAILHOE 3HAUCHHE MOCIICIHCH MepEeMEHHOMN X,

HaXOJIUM
n n—1
Y Z c,—cY Y Z ¢
* * C Y i :
_ _ n _ i=1 _ =l
Yy =Y=x, =Y P = » Ea—
DYDY
i=1 i=1 i=1
CrnenoBarebHO,
o Y
X p—1 = Xn- l(yn 1 ) =
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Bocmonap30BaBIIMCh, MaTEMAaTHYECKOM HHILyKHHeﬁ, noJryynum

* CkY
xk:

k=1, .. n

n
Ci
i=1

B obmem ciydae ans peanmmzanmu anroputma JI1 HyXHa IMCKpPETHOCTH
3HaueHHH X;. [lycTh mepemeHHbIe X 1esble. Toraa BEJIMUMHBI ) TaKKe IeTIble.
CrenoBatenbHO, MApaMeTpy ¥ JOCTaTOYHO MPUHAMATH 3HAYEHHS U3 KOHEYHOTO
mHoxectsa {0, 1, ..., Y}. TpymoeMkocTs ainropurma B 3TOM CIydae paBHA
O(nY?), a TpeGyemas namsits — O(nY).

Hpumep 2.2. Ha xene3HOJOPOKHYIO CTAHIIUIO IPUOBUTO 8 KOHTEHHEPOB, KO-
TOpBIE HEOOXOMMO pa3Be3TH Mo 5 ckiagaM. EMKOCTB i-ro cKiaga — v; KOHTeH-
HEpOB, 3arpaTbl Ha TPAHCIHOPTHUPOBKY OJHOrO KOHTEHHEpa Ha 3TOT
CKJIaJ — g;, @ CTOMMOCTh XpaHEHHs X KOHTeHHepoB — c{(x). Tpebyercs pa3se3tu
BCe MpPUOBIBIIME KOHTEHHEpPHI MO CKJIajaM, 4TOOBl CyMMapHbIE 3aTpaThl Ha
TPaHCIIOPTHPOBKY U XpaHEHHE ObUTH MUHUMAIIbHEI.

HcxomHble JaHHBIC 331a4H IPUBEICHEI B Ta0M. 2.1 u 2.2.

Tabauya 2.1
Cxnazsl
1 2 3 4 5
g | 05 1 1,2 | 1,5 2
Vi 2 3 3 5 5
Tabauya 2.2
x a®) | o) | a) | cl) | estx)
1 2 1,5 1 0,5 0,3
2 4 2 2 1 0,5
3 — 3 3 1,5 1
4 _ - - 2 1,5
5 - - - 2,5 2

Pemenue. s 3anvcu MaTeMaTHYSCKON TIOCTAHOBKH 3a/1a4yd BBeJeM (DyHK-
man h(x) = gx + ci(x), i = 1, ..., 5, koTopsIle 3anaroTcs Tabm. 2.3. Torma mare-
MaTH4eCcKasi MOJIeTb UMEET CIICAYIOIIUIA BUI:
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Tabauya 2.3
x hix) | ha(x) | hs(x) | hax) | hs(x)
1 2,5 2,5 2,2 2 2,3
2 5 4 4,4 4 4,5
3 — 6 6,6 6 7
4 — - - 8 9,5
5 - - - 10 12

3TO pacopeacanTe/ibHad 3ajiavda, U JJjid HEC CpaBCAJIMBbI PEKYPPCHTHBIEC COOT-
HOIICHUA
S =h@),y=01 ..38;
S0)=  min  [Su(-x) +F ()L k=2 ..,5 =01 ..,8.

0<x<min{y,v;}

Hpsmoit xon. B pesynprare npsiMoro xoxaa 3amonsseM Tadi. 2.4, B KOTOPYIO
MOMEIIICHBI 3HaYeHUA Si()), a uepe3 apodb (/) ykazaHbl YCIOBHO-ONITHMAIbHBIC
peIIeHus], KOTOPbIE MOMOTYT BOCCTAHOBHTH ONTHMAJILHOE PCIICHHE HAa ATare
obpaTHOTO X0/1a.

Tabnuya 2.4
i) () $3(») Sa(y) Ss(»)
0 0 0 0
2,5/1 2,5/0 2,2/1 2/1
5/2 4/2 4/0 4/0
- 6/3 6/0 6/0

8,5/3 82/1 8/1
— 11/3 10,4 /2 10/2
- - 12,6 /3 12/3
— — 15,1/3 14/4
- - 17,6 /3 16 /5 16/0

= ES IR V.Y N JOSH [ O g Pl S
|

31ech cieyeT cuenaTh HeCKOJIbKO 3aMeYaH !

1) mpodepk B KJIeTKe TaOIHIBI CISYET CUATATh «OECKOHEUHOCTBIOY, TAK KaK
IPH COOTBETCTBYIOIIUX 3HAUCHHUSX IapaMETPOB JOMYCTHUMOTO PELICHHs HE Cy-
IIECTBYET;
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2) yCIOBHO-ONTUMAJIbHBIX PEIICHUH (KaK M ONTHMaJIbHBIX) MOXKET OBITh He-
CKOJIbKO. [IJ1s1 TOJy4eHHs 00HO20 U3 ONTHMAIIBHBIX PEIICHUH JOCTaTOYHO Xpa-
HUTB J17000€ yCIOBHO-ONTHMAILHOE PELICHUE;

3) 3Havenus ¢pynakuun Ss(v) st y = 0, 1, ..., 7 BEIUACIATE HET HEOOXOAUMO-
CTH. DTH 3HAYCHHS TMOHATOOMINCH OBl TIPU BEIYUCICHUH S¢(V), HO B 5TOM HET
HEeo0XOJMMOCTH, TaK KaK BCEr0 5 CKIIaI0B.

Urax, B pe3ynpTaTe pabOTH MPIMOTo X0Ja aJrOPUTMa HAHJCHO ONTHMAJIb-
HOe 3HaveHue neneBoil Gyrkimm S = S5(8) = 16 1 ONTHMANBHOE 3HAYECHHE 10~

o o *
clleIHel mepeMeHHOM x 5 = x5(8) = 0.
Oo6patsbiit xoa. Tak kak Ha 5-f CKiajq B ONTHMAJIBHOM PCIICHUH HE HAJO

o £
BE3TU HU OJHOrO KOHTeiHepa (xs= 0), TO UX HY)XHO Pa3BECTH IO IHEPBHIM

4-m cxiragam. CregoBaTelbHO, yz =8 - x: = 8. Bot nouemy aJisi onpeeseHus
ONTUMAJILHOTO 3HAYCHHMS TPEANOCICIHEH IEPEMEHHOM J0CTaATOYHO 00PATUTHCS
K KJIeTke Tabn. 2.4 co 3HaueHHeM Sy(8). Mmeem xZ = x4(8) = 5. 3nauuT, Ha
4-ii cknan OyzmeT ornpaBiieHO 5 KoHTelHepoB. CienoBarenbHO, elie 3 Hy)KHO

Pa3BECTH 110 MEPBBIM 3-M CKJIaAaM, T. €. yg =8 —x: = 3. Knerka S3(3) Tabn. 2.4
COJICPXKHUT YCIIOBHO-ONTHMabHOE 3HaueHHe Xx3(3) = 0, mosTomy xz =0mu
y; =3 - x: = 3. B xuerke Tabn. 2.4 co 3HaUeHHEM Sz(y;) = 5,(3) xpanurcs
TaK)Ke 3HAUCHUE YCIOBHO-ONTUMAIBHON nepeMeHHOH x»(3) = 3. 3Hauwr, x; =3

* * o o
uy; =3 - x,=0,T. e. Bce KOHTEHHEPBI pacIpeeleHbl U Ha 1-i cKlaJ HU OJUH

13 HUX HE MOBE3YT.

OKOHUYATETFHO UMEEM, YTO ONITUMAIIFHBIN BEKTOP PacCMAaTPHBAEMOM 3a/1aun
x = (0, 3, 0, 5, 0) mpUBOANT K MUHUMAJIBHBIM 3aTpaTam S = 16, cBSI3aHHBIM C
MepPeBO3KOM U XpaHEeHUEM 8-MU KOHTeiHHepoB. B Tabn. 2.4 momedeHbl sSYeiKH,
MO 3HAYCHHUSIM KOTOPBIX OBLIIO BOCCTAHOBJICHO ONTHUMAJILHOE PEIICHHE Ha JTare
00paTHOTO X0/1a AITOpPUTMA.

3aMeTuM, 9TO JUIS BRIYHCIICHUS 3HAYCHUH Si()) HyKHBI 3HAUCHUS JIUIIb TIpe-
nmeinymiero cronoua Si(y). He obOs3arensHO XpaHuTh BCrO Tabmuily. [IpaBna,
MIPHU 3TOM MBI TIOTEPSEM 3HAUCHHS YCIOBHO-ONTHMAIBHBIX PEIICHUH, YTO TpH-
BEJICT K YBEIMYCHUIO TPYJOEMKOCTH. TakuMm 00pa3oM, MOKHO pealn3oBaTh Ba-
pHaHT aNropuTMa C TPYIOEMKOCTHIO O(n2 7, YMCHBIIHNB TPeOyeMy¥0 TaMsTh 10
BexmunHbl O(Y). Takast peanm3anys Ha3bIBACTCS PelaKCAYUOHHBIM AN2OPUMMOM

*
HAIL. Oma cocrout m3 (n — 1)-ro mpsamoro xoma pemeHus 3amad <k, f, y, >,

k=n, n—1, .., 2. B pe3ynprare mepBoro mpsiMoro xoja OyJeT HaliiecHO ONTH-
MallbHOE 3HAYCHHE LeNIeBON (HYHKIIMU UCXOIHOM 3a1aun <n, f, Y> u mocnemanss

* * *
KOMIIOHEHTa BEKTOPA PEIIEHUs X , , YTO MO3BOJIMT ONpPENeNuTh y, = ¥ — X .
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* *
3arem pemaem 3agady <n — 1, f, y ;> u nomydaem x ,_; . IIpogomxkas Beimon-

.
HEHUe NPAMOro Xoja A 3amau <k, f,y, >,k =n —2, ..., 2, onpejeaumM ONTH-

MaJlbHOE PEIIEHHE NCXOAHON 3a/1a49u.

pumep 2.3. Pemmuts 3agauy U3 npuMepa 2.2 perakcalliOHHBIM alTrOPUTMOM
JTUHAMHUYECKOT0 IIPOTrPaMMHUPOBAHUS.

Pemeﬂue Brimonass npﬂMoﬁ XOJI ISl HICXOMHOM 3afaun <5, h, 8>, maiigem

S =16 ux; s = 0. 3Hauur, y 4 = 8 — 0= 8. Tenepp BBHINOIHUM MPSIMON XOJ IS
3amaun <4, h, 8>. [lomyunm x5 4= 5. CnenoBatenbHoO, y3 = 8 — 5 = 3. BrimoyiHum
npsMoit xoxm ansa 3amaun <3, A, 3>. Hmeem x3 = 0. CnenoBaTeabHO,
y; = 3 — 0 = 3. BeimonHuM npsMoON X0 s 3amaun <2, A, 2> W MOJYyYHM

x; :3.O‘IeBI/IJIHO,yT23—3=0HXT=O.

2.2. 3agaua o panie

3anaua o panue (3P) popmynupyercs ciaenyromum obpazom. ITycts umeercs
MHOXECTBO MPEAMETOB k = 1, ..., n, KOXIBIA U3 KOTOPHIX UMeeT 00BeM (Bec)
a;> 0 u ieHHoCTH fi(x;). TpeOyercs 3amoMHUTE paHell peaMeTaMu, CyMMapHast
[IEHHOCTh KOTOPBIX MaKCHMAJIbHA, & CyMMAapHbIii 00beM HE MPEBOCXOJUT EMKO-
ctu paHna 4. 3amady, MaTeMaTHIeCKasi MOJIeNIb KOTOPOi UMEET BUJT

ka(xk) —  max;

X=(X] s, )EZ]

n
Zakxk <A,
k=1
0003HauUM <7, f, < A> 1 IOMECTHM B CEMEHCTBO MOAOOHBIX 3a1ad {<Kk, f, < o>,
k=1,..,n, 0< a< A4} Ilycts Si(@) — onTUManbHOE 3HAYCHHE [ENIeBOH (QyHK-

uH 3a1adn <k, f, < o>.
CripaBe/IIMBbI PEKypPEHTHBIE COOTHOIICHUS
Si(¢)= max  fi(x)), 0L a< 4;
]

x=0,...[a/aq

Si(a) = max : {Seila—apy) + filxp)t, k=2, ...,n, 0 a< 4,

x=0,...[a/a;
KOTOPBIC BCPHBI AJIA JIFOOBIX ay I/Iﬁc. ﬂﬂﬂ YHCICHHON peam3anu CXEMbI 1OCTa-
TOYHO TPENIOIIOKHUT EJIOYUCICHHOCTE a;. B 3TOM ciywae o € {0, ..., A}, rme
A Taxxe MO)KHO CUHMTATh OCIIBIM YHUCIIOM.
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[MonpoGHee paccMOTPUM JIMHEWHYIO 33/1a4y O PaHIle, KOTOpas HIMEET BUJT

n
chxk — max,;
k=1 X}

D3> a,x, < 4;

k=1

x,€Z k=1..n.

O06o3HaunM 3Ty 3amadqy <n, < A> W MOMECTHM B CEeMEWcTBO {<n, < o>,
0 < a £ 4}. Ilycte S(@) — onTuManbpHOE 3HAauYCHHE (YHKIMOHANA 3a1addl
<n,< o>.

Teopema 2.2. CipaBeJTUBO COOTHOIIICHHE

S(@)= max {S(a-a)+tct, 0Za<A. (2.6)

k=l,...,nla;<a

Korpa B pesynprare mpsiMmoro xona 3HadeHus S(@), @ =0, ..., A BEIYHCIICHEI,
MOYHO BOCCTAHOBUTh ONTHMAJIbHBII BEKTOP X CIEAYIOIMM oOpasoM. CHadana
nosokuM x = 0, & = A. 3aTeM I0C/IeJOBATEIIBHO BBIIOIHAM IIATH, HA KaXIOM
U3 KOTOPBIX HaWJIeM HHAEKC Kk, MpU KOTOPOM BBITIOJIHSETCS PAaBEHCTBO
S(a*) = S(a*— a) + cr, ar< o Tonoxum xZ = xZ +1; & = & — a; v noBrO-
pum mar. Eciu gomycTuMoro uugekca k HeT, TOT/a TOJTy4eHHBIH BEKTOp X OIl-
TUMAaJICH.

Hcnonp3oBaHe peKyppeHTHBIX COOTHOLICHUH (2.6) B cilydae IeJI04UCIIeH-
HBIX @; TIPUBOIUT K TpynoeMkoctn O(4An) m o0beMy TpeOyeMol mamsTu
O + n).

Hapsany c 3apaueii (I) paccMoTpum 3amaay

n
Zakxk — min;
k=1 {xi}

(IT) chxk > B;

k=1

n
xeZl,

KOTOpYIO 0003HaYnM <n, > B> u Ha30BeM obpamuou k 3anaye (). Kak u panee,
nomectum 3anauy (II) B cemeiicto {<n, > >, 0 < < B} n 0603HaunM uepe3
O(f) onTMabHOE 3HAUYCHHE 1e/IeBOi (ByHKIHH, a yepe3 x'(ff) — ONTHMAIbHOE
penrenue 3axaun <n, > B>. CripaBeInBbI PeKypPEHTHBIE COOTHOILICHUS
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0(0) =0;
Q(ﬁ) = 1I<I}{1<I1 {Q(maX{O, ﬂ—Ck}) + ak}; 0< ﬁS B.

Jlemma 2.1. @ynrkius O(f) He yObIBaeT.
Teopema 2.3. Iycts A= max{f O(B) < A, = 0}. Torna S(4) = fu on-

THManbHOE peirenne x'( ) 3agaun <n, > 3> SBISETCS TAKKE ONTHMATbHBIM

pemeHneM 3amgaun <n, < 4>,
W3 neyOrBanms pyHknmm O(f) 1 yTBepKIICHHH TEOPEMBI CIEAYeT, YTO

S'=min{AA<0(B+1),5=01,..1}.

DT0 MO3BOJISIET MOCTPOUTH APYTod aroputM perreHus 3amaun (1):
— Ha JTame NpsIMOro XOJla HaXOJWUM 3JIEMEHThl Tadbmuubl Q(f) 1o pexyp-
PEHTHBIM coOOTHOIICHMsIM i 3anaud (II), mocnemoBarenbHO monaras [ =

0,1, ..., moKa Ay HEKOTOPOTO E He nonyanM A< O( ,E +1). D10 3HauCHHE E "

©CTh ONTUMAILHOC 3HAYCHHUE [1ETICBON (PYHKITUH S’ 3agaun < n, <A >;

— 1o monydennoii Tabmuie {O(f), B=0, 1, ..., S’} HAXOANM ONTHMATBHOE
pemrenne x(S”) obpatHOl 3axaun <n, > S >, COBNANAIONIEE C HCKOMBIM pelile-
HUeM x (4) mpsivoii 3axaun < n, < A >,

CrpaBe/iiMBa TaKkKe CleIyoIas Teopema.

Teopema 2.4. ITycts & = min{a| S() > B, a > 0}. Torna Q(B) = & u on-
THMAIbHOE pelenne x (& ) npaMoii 3aaun < n, < & > ABIAETCA TAKKE OITH-
MaIbHBIM pentenreM x'(B) oGparHoii 3anaun <n, > B >.

YTBepKACHHS TOCISTHUX JBYX TEOPEM TO3BOJSIFOT OCYIIECCTBISITH MEPEXO0.T
OT TIPAMOM 3afadl K oOpaTHOW M HA0O0OPOT. B KakmWx ciydasx STOT mepexoj
ompaBaan? OTMETHM JBa:

1) ecnu B nipsimoit (oOpaTHOM) 3a1aue mapameTpsl ¢ (¢;) He LelOYHCIICHHbIE,
a ¢, (ay) nenovncIeHHbIE;

2) ecnu B nipsiMoit (oOpaTHOit) 3aiaue yncio A (B) Gonbiioe u ¢y (¢;) nocra-
TOYHO OONBINIHE TMapaMeTpbl, YTOOBI OBICTPO BBIMOJHUIOCH HEPABEHCTBO
A<Q0(B+1) (S(a-1)<B).

B neproM ciydae mepexon k oOpaTHOH (HpsMoi) 3amaue HEOOXOAUM I KO-
HEYHOCTH peallu3alyu anropurma. Bo BTopoM — nepexos k o0partHoit (psmoii)
3aj1aue MOXKET YMEHBIIUTh TPYI0EMKOCTb.
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[Mpousnmoctpupyem pemenne npsmoit 3amaun (I13) myrem mepexoxa k 00-
parHotii 3agade (O3) Ha nmpumepe OyneBoil 3a1aun 0 paHne. 3anuireM ode 3a1a-
H:

Z’?xi - maic; > hx, — min;
i=1 {x; in1 {xi)
(I13) Zhixi <b; (03) Zr;,xi >d;
i=1 i=1
x, €{0,1},i=1,...,n x,€{0,1},i=1,...,n.

Tak kak mepeMeHHbIE TPUHUMAIOT J[BA 3HAUYEHUs, pEKypPEHTHBIE COOTHOIIIE-
ausa w1 O3 3anuiieM B BUAE

0, y=0;
0()=<h, 0<y<pn;,y=0 ..4d
too, y>rn;
Ok (), x, =05

=min k=2 ..,ny=0 ..,d
o {hk +Op(max{0,y —r ), x; = 1;} ’ 4

Benmuunsl Qy(y), cOriacHO TPUBEACHHBIM BBIMIE YTBEPKICHUSAM, HY>KHO
BBIYUCIIATE yBenuuuBast y = 0, 1, ... , Hoka He OyIeT BBHIIOJIHEHO HEPaBEHCTBO
A < Q(f + 1). Torna ontumansHOe 3HaueHHe pyHKmoHana [13 S* = fu pemre-
uue O3 ¢ d = S 6yxaer ontumaneHbM 1 171t [13. Paz6epem cnemyromuii mpamep.

Hpumep 2.4. ITycts napametpsi [13 3agansr Tadmn. 2.5, a b = 110.

Tabauya 2.5

i 1 2 3 4 5
7 6 5 4 3 2
hi | 45 33 28 16 13

O |— |

Pemienne. Pemrenune 13 mpuBeneT k 3amodHEHUIO TAONHUIBI Pa3MEPHOCTHIO
6 x 110. UroObI n36exath TPOMO3IKHX pacyeToB, nepeiaeM k O3 1 B nporecce
pabotsl npsiMoro xona anroputma JIT Beramcnum O(y), k = 1, ..., 6 ous Tex
y =0, 1, ..., g KOTOPBIX BBINMOJHsIOTCA HepaBeHcTBA O(v) < 110. [Ipouepka-
MH B TaOiuie 0003HauYMM OECKOHEUHO OOJIbIINE BETUYUHBI (KOT/Ia HET JOITyC-
TUMBIX pemieHuit). B cronbmax, coorBercTByrommux Q4 Os, (Os, BBIYHACICHUSL
NIPEKpaIIeHbl, KaK TOJIBKO COOTBETCTBYIOIIHME BETMUMHEI cTaiu O6oubire b = 110.
Kpowme 3nauennit Qy(y), orpasum B Tabm. 2.6 (depe3 ApoOk) B COOTBETCTBYOIICH
SYelKke TakKe 3HA4YECHHE YCIIOBHO-ONTHMAIBHOTO pemreHus. Ecmm ycioBHO-
ONTHUMANBHBIX PEIICHUH HECKOIBKO, TO MBI 3aIIOMUHAEM O/THO U3 HUX.
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OO6patHblit x0/1. MakcumanbHOE 3Ha4YeHHe y, npu KotopoM QOg(y) = 107 <
< b =110, paBHo 16. CrieoBarenbHO, ONITHMAILHOE 3HAUYEHHE LIEIEBON (PyHK-

win 113 S” = 16. ITpu 9TOM yCIOBHO-ONTHMAIBHOE PEIICHHE xg (16) = 0 ompe-

JIeNsieT 3HAUYeHHUE TOCIIE/IHeH KOMIIOHEHThI ONTUMAaIbHOrO BekTopa I13 xz =0.
5
Otcroza cienyer, 9To Z rx;> 16. Bor mouemy IJist ompeeieHus xz cienyer
i=1
BOCIIONB30BaThes sTaekoit Os(16), B KOTOPOH YCIOBHO-ONITUMAIFHOE pEIICHUE
4
onpenenser xz = 1. 3Haywur, Z rx; 2 16 —rs = 16 —2 = 14. Ilepexonum B
i=1

stueiiky O4(14) Tabm. 2.6, 0TKyaa onpenenseM xZ =1.

Tabnuya 2.6
y O O 0s O4 Os s
0 0 0 0 0 0 0
1 45/1 33/1 28/1 16/1 13/1 9/1
2 45/1 33/1 28/1 16/1 13/1 13/0
3 45/1 33/1 28/1 16/1 16/0 16/0
4 45/1 33/1 28/1 28/1 28/0 25/1
5 45/1 33/1 33/1 33/1 29/1 29/0
6 45/1 45/1 45/1 44/ 1 41/1 38/1
7 - 78 /1 61/1 44/ 1 44 /0 44 /0
8 - 78 /1 61/1 49/1 49/0 49/0
9 - 78 /1 61/1 61/0 57171 5770
10 - 78 /1 73/1 73/0 62/1 62/0
11 - 78/1 78/0 77/1 74/1 7171
12 - - 106/ 1 77/1 77170 77170
13 - - 106/1 89/1 89/0 86/1
14 - - 106/1 94 /1 90 /1 90/0
15 - — 106/1 106 /0 101/1 99/1
16 - — - 122/1 107 /1 107 /0
17 - - - - 119/1 116 /0

3
¥
CrenoBartenbHo, Z rx; 214 —ry =14 -3 = 11. 3Havenue x ; = 0 ocTas-
i=1

JISIET HAC B TOH K€ CTPOKE Ta6J'II/ILII)I, HO IEpEBOIUT B Hpeﬂmnyumﬁ CTOJ'I6€H, u3
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.

KOTOpPOTO MMeeM X , = 1. 3Hauwmr, r1x; > 11 —r, = 11 —5 = 6. Illecras cTpoka

MEPBOTO CTOJIONA OMpEACISCT MEePBY0 KOMIIOHEHTY ONTHMAlIbHOTO BEKTOpa
* *

x; =1 mpemenne 3anaun x =(1,1,0,1, 1, 0).

2.3. 3agaua o OJMIKaMIIIEM cocee

PaccMorpum mpoOiieMy ONTHMalbHOTO pa3OMEHUs JMHEHHOro OOBeKTa Ha
Y4YaCTKH, U3BECTHYIO T10/1 Ha3BaHHUEM 3adaua o bnuoicatiuem coceoe. I1ycTpb 3a-
JIAaHO TIeJIO¢ TOJOXKHTEIbHOEe YuCI0O M W HeoTpumatenbHas (GyHKmus f(x, y),
OTpaskalollas 3aTpaThl, CBsI3aHHbIE C «00CTyXKUBaHUEM» oTpe3Ka [x, y] < [0, M].
Tpebyetcst pa3douts otpe3ok [0, M| Ha n yactelr TakuM 00pa3oM, YTOOBI CYyM-
MapHbIC 3aTpaThbl, COOTBETCTBYIOIINE 3TOMY pa3OUEHHIO, ObUTH MHHHMAIbHBL
Huxe npuBeneHa MaTeMaTH4eCKasi IOCTAHOBKA 3a/1a4H:

n
Zf(xk—ka) — min;
k=1 x

O=x,<x<..<x,=M,

KOTOpYI0 0003HaunM <n, M>.

Ilycte S,(M) — onTUManbHOE 3HAYCHHE ITICNICBOW (QYHKIWHU 3amauu <n, M>,
KOTOPYIO TTIOMECTHM B ceMeicTBo 3amau {<k, y>, k=1, .., n,y =1, ..., M}.
[TycTs Si(y) — onTHManbHOE 3HAUEHHE 11eIeBOH (BYHKIMH 3a1auu <k, y>.

CripaBe/IIMBEI PEKypPEHTHBIE COOTHOIICHUS:

— f(oay)okzla y:L""M;
S mingS, (0 + (o) k=2 y=1., M.
<x<y

Hpumep 2.5. Permuts 3amauy <4, 8> ¢ dyakumit f(x, ), 3aganHON TadI. 2.7.

Tabauya 2.7
x/y 1 2 3 4 5 6 7 8
0 3 19 24 41 42 63 66 83
1 0 6 18 26 39 48 56 77
2 - 0 11 19 35 44 55 56
3 - - 0 13 25 27 45 53
4 — - - 0 3 15 24 37
5 - - - - 0 3 16 27
6 — — — — — 0 12 21
7 — - — — — — 0 16
8 — — — — — — — 0
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Pemenne. [Ipsamoit xon. Ioap3ysick peKyppeHTHBIMH COOTHOILICHUSIMH, 3a-
MOJHUM Tabn. 2.8, B KaXIOH suelike KOTOPOH HMOMECTHM COOTBETCTBYIOIIEE
sHaueHue Sy(y), k = 1, ..., 4 y = 0, ..., 8 u depe3 aApods (/) ycroBHO-
ONTHMAJIBHOE penIeHue x()), KOTOPOe COOTBETCTBYET NMPABOH TOYKE ONTHMAIb-
HOTO pa3bueHms orpeska [0, y].

O6patssrit xon. Ha mociieqaeM mmare mpsMoro Xoja HaiiieHbl MUHIMAJBHBIE
3atpatsl S° = S4(8) = 59, COOTBETCTBYIOLIHE ONTHMAIBHOMY Pa3OHEHHIO HCXOI-
Horo otpe3ka [0, 8], ¥ onTHManbHOE 3HAYEHHE MOCIHEJHEeH TOYKH pa3OHeHHs

*
x5 = 5. CnenoBarenbHo, oTpe3ok [0, 5] HeoOXOOMMO ONTUMAaNbHO pa30UTh
*
Ha 3 yacTH. 3HaUCHHE X , TMOJYYNUM KaK YCIOBHO-ONTHMAIEHOE PEIICHHE, COOT-
* (V3 ~
BeTcTByomIee Benuauae Si(5) tadm. 2.8: x, = 4. IlocnenHel TOYKOI onTHMAaIH-

HoOTrO pa3OmeHms orpeska [0, 4] sBusercs xT = 1. B pe3ynbraTe momyduIn cie-
IYIOIUe TOYKH ONTHMAJIBHOTO pa3dmeHus nucxomHoro orpeska [0, 8] Ha 4 gac-
TH: x:; =0, xT =1, x; =4, xz =5, x: = 8. B Ta0n. 2.8 BbIIEneHBI STYEHKH, 110
3HAYECHUSIM KOTOPBIX BOCCTAHABIMBAETCA ONTUMAILHOE PEIICHHE.

Tabauya 2.8

S | SO | S:0) | Say)
0 0 0 0

3 3/0 | 3/0 | 3/0
19 9/1 9/1 9/1
24 21/1 120/2|20/2
41 29/1 | 28/2 | 28/2
42 42/0 | 32/4 | 31/4
63 45/5 | 44/4 | 35/5
66 58/5 | 53/4 | 48/5
83 69/5165/2 ] 59/5

O Q[N [ N[ |W|N|— O

Metonom JI1 MOXHO pPEemIUTh TakKe 3ajady O OJrpKaiieM cocesie, B KOTOo-
PO YHCIIO OTPE3KOB pa3OUCHUS 1 HE 3a]IaHO:

n
E S (%4> x;) = min
xX,n
k=1 ’

O=xy<x <..<x,=M, n>0,

KOTOpYI0 0003HaunM <M>e {<y>|y = 1, ..., M}. DTy 3aaqy MOXXHO CBECTH K

MOCTIeIOBATENBHOCTH 331349 <n, M>, n = 1, ..., M, serauciuts S,(M) n HalTH
* . ~

n = arg min{S,(M), n = 1, ..., M}. Tako#l moaXxox UMEET BBHIYUCIUTEIHHYIO

* ~
cnoxnocts O(M?) 1 Tpebyer mamsats O(n M), OHAKO [UIs TAKOM 3a1a4M CIIpa-
BEJIJIMBBI [TPOCTBIE PEKYPPEHTHBIE COOTHOIICHHUSI:
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S (0)=0;
Sy»= mn {S&+AN},y=1,.. M
x=0,1,...,y-1

3aMeTHM, YTO B ITOCTAHOBKE 337a4d MBI 3aMEHWJIM HECTPOTHE HEpaBEeHCTBA
Ha CTporue. ITO MOXKHO caenaTh, e fx, x) > 0. Takum oOpa3oM, Koraa onTu-
MaJlbHOE pelIeHHe He €IMHCTBEHHO, OyJeT HaiJIeHO TO M3 HUX, B KOTOPOM
MUHHAMAJIBHO.

Hpumep 2.6. Permmts 3aaa4dy u3 npumepa 2.5 ¢ Ipou3BOIbHBIM 71 > (.

Pemenne. [Ipsmotit xon. Berancmmm 3Havenus S (y) amay =0, 1, ..., 8 u 3a-

MOMHHM, KaK M TPEXIE, COOTBETCTBYIOIINE yCIOBHO-ONTUMAJBHBIC PEIICHHS
(Tabm. 2.9).

Tabauya 2.9

y 0] 1 2 3 4 5 6 7 8

§(y) 0| 3/0 | 9/1 [20/2 |28/2|31/4|34/5|46/6|55/6

OO6patsbrit xon. iMeem MHUHUMAaNBHBIE 3aTPAThI, CBA3aHHBIC C pa30HeHUEM

otpeska [0, 8] Ha onTHMaNbHOE KOJMYECTBO YacTeH, §'=5 M) = S 8)=55mu
TIOCJIEHIOK TOYKY ONTHMAIIBHOTO pa3OHMeHHs, paBHYIO 6. 31ech HEOOXOANMO
OTMETHUTH, YTO KOJMYECTBO TOUEK ONTHMAIBLHOTO Pa3OMEHHs HEU3BECTHO, U MBI
HEe MOXXEM CKa3aTh, KaKoW MO cYeTy sBisieTcs Touka 6. Cienyromeil (crpasa)
TOYKOM pa36I/IeHI/I$I SIBIISIETCS 5 (CM CTOn6eu 6 Tabm. 2. 9) 3areM — 4, 2 u 1. 3Ha-
T, xo 0, xl 1, x2 2, x3 4, x4 5, x5 6, x6 8. CrnenoBarenbHo,
n'=6.

Ecnu n sBnseTcst nepeMeHHOM, I KOTOPO JOMOJTHUTENBHO TpedyeTcs BhI-
MOJTHEHHWE HEPABEHCTB a < 1 < b, TO TaKyIo 3a7ady O ONrrKaiIneM cocene ciemy-
€T pelIaTh B 4eThIpe dTamna:

1) pemnTh 3aga49y ¢ IPOU3BOIBHEIM # > (. [lomydnM HEKOTOpoe ONTHMAaNIh-
Hoe 3HaueHue 1. Ecau n” e [a, D], To 3amaua pemrena. lrade mepexoauM K BEI-
MOJTHEHMIO CIIEIYIONIEro JTana;

2) BBIIIOJIHUTB NPSIMOI X0/ 715t 3a71a4u ¢ (PUKCHPOBAHHBIM 3HaYeHUEM 1 = b;

3) HaiiTH 1, A7 KOTOPOTo S o (M) = min S,(M);
as<n<b

4) mIs BOCCTAaHOBICHHS ONTHMAIIBHOTO PEIICHHUS OCYIIECTBUTH OOpATHBIN
XOMTIpH N =1’

Hpumep 2.7. Pemuts 3amady U3 npuMmepa 2.5 ¢ KOJHYECTBOM OTPE3KOB pas-
OmeHus 1, yIOBICTBOPSIONINM HepaBeHCTBaM 2 <n < 5.

Peurenye. Dran 1. V3 mpeblIyIiero mpuMepa UMeeM, 9To 1 = 6, 03TOMY
n & [2,5].
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Oran 2. [Tonoxxum n = b = 5 ¥ BBHINIOIHAM TPSMOH X0/ JUIs 3a1auu <5, 8>.
Pesynprar momemen B Tabmn. 2.10, B KOTOPOH, KaK M MpeXkae, KpoMe 3HAUeHUH
Si»), k=1, ...,5,y=0, ..., 8§, B COOTBETCTBYIOIIHE TICUKH depe3 ApoOs (/) mo-
MEIIEHBI yCIOBHO-ONTHMAIBHBIC PEIICHUS.

Oran 3. Hatinem n* IUTS KOTOPOTO

S +@8)= 11211n S,(8) = min{69, 65, 59, 56} = 56.

.....

*
HUmeem n = 5.
o *
Otan 4. OOpaTHBIN X0 JUIL n = 5 MO3BOJSACT BOCCTAHOBUTH ONTHMATBHOE

pasOmeHne Ui TOCIEAHEH 3aadn: xo 0, x1 1, x2 4, x3 5, x4 6,

x5=8.

Tabauya 2.10

$i0) | $0) | $50) | Say) | Ss0)
0 0 0 0

3 3/0 | 3/0 | 3/0
19 9/1 9/1 9/1
24 21/1120/2]20/2
41 29/1 | 28/2 | 28/2
42 42/0 | 32/4 | 31/4
63 45/5 1 44/4 |1 35/5
66 58/5 | 53/4]48/5
83 69/5165/2|59/5|56/6

| QN[ N[ |[W|N|—=|O=

B Ta6n. 2.10 BBIAEICHBI SYEHKU, 3HAYCHUS KOTOPBIX MMO3BOJIIOT OCYIIECT-
BUTH OOPATHBIN XOJ] ¥ TIOJIYYHUTh ONTHMAIBHOE PEIICHHE.

Ynpaxuenus

1. PemuTh pacnpenenuTeIbHyIO 3a1aqy, B KOTOpo# fi(x;) = flx;), i = 1
U QyHKIUS f— CTPOro BHIMyKIIas U AU PepeHrpyemas.

2. Pemute nuHEWHYIO 3a7ady o paHie 0e3 TpeOoBaHMS IENOYHCIEHHOCTH
MEPEMEHHBIX.

3. Nmeercs 8 mpeaMeToB, KaXKJIblii M3 KOTOPBIX XapaKTepu3yeTcs CBoel
LEHHOCTHIO ¥ BecoM. OnpeeniTh Habop NpeIMETOB MaKCUMAaJIbHOW 1IEHHOCTH,
0OIIHIA BEC KOTOPBIX HE MPEBOCXOIUT 55, €CITU UCXOMHBIC TAaHHBIC 3aaHbl Clie-
JTYFOTIEH TaOIUIIeH:

s e N
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Howmep npenmera 1] 2| 3| 4| 5| 6| 7| 8
Bec npeamera 21 8|17 4126 2123 9
CrouMocTh npeaMeTa 41 2] 3 1 51 2]10] 8

4. 3aBoj1 MOXKeT MPOM3BOANTH 4 Buaa mpoaykuun. O603HaYMM g;(X) — KOJIH-
YECTBO €IUHMUII CBIPbsI U1 MPOM3BOJACTBA X €IUHHIl NPOAYKIHH i-TO BHJA, C; —
JIOXO/ OT peaM3alyy e€ANHHIBI MPOAYKIMHK i-r0 Buaa. IlycTs Bcero mmeercs
50 emuHUI] ChIpbsi. TpedyeTcs: ONpenennTh, CKOIBKO MPOM3BOANTE MPOAYKIMN
Ka)XXJIOTO THIA, YTOOBI MaKCHUMH3HUPOBATh JAOXOJ, €CIIH JOXOAbI OT peann3alyun

€/IMHUIIBI IPOYKIMH 33/1aHbI TaOJIHIIEeH

i

1

2

Ci

2

3

a pacxo/ CHIpbs HA €IUHUILY IPOIYKIUHU — Tabmumei

5. Pa3outs orpesok [0, 8] ¢ MUHMMaJIBHBIMU 3aTpaTaMH Ha He Oosee dyeM
4 yacTu, ecnu 3aTpathl fx, )), CBSI3aHHBIE C OTPE3KOM [X, ] XapaKTepH3yIOTCS

X &1 & 83 84
1 15 20 20 15
2 | 25 30 21 18
3 35 35 22 20
4 | 44 40 23 23
5] 48 50 28 25

CIIeyromel TaOIuIei:

x/y| 0 1 2 3 4 5 6 7 8
0 0 0 14 21 95 71 58 81 83
1 0 7 8 26 | 100 | 59 60 98
2 - - 0 9 5 1 88 98 64
3 - - - 0 0 8 1 78 97
4 — — — 0 1 9 10 82
5 - - - - - 0 2 0 0
6 - - - - - - 0 2 8
7 - - - — — — - 0 8
8 - - - — — — - - 0
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6. Ha pucynke m3o6paxeno aepero 7 = (V, E) ¢ kopHeM B r € V u Becamu
BEpIIUH C,, vV € V.

C NMOMOIIBIO JTUHAMHWYECKOI'0O IMpOrpaMMUpPOBaHUA HaWTH moaacpeBoO C KOp-
HEM B ¥ MAaKCUMaJIbLHOI'O BE€Ca.
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