5. DJeMeHTbI TEOPUH MATPUYHBIX UTP

B Teopuu urp mccienyroTcsi MOJICIN U METOJIBl NPUHAMUSL PEUEHULl 8 KOH-
@ruxmuvix cumyayusx. B paMkax TeOpHH UTP PacCMaTPUBAIOTCS TAPHBIE UIPBI
(c IByMs CTOPOHAMH) WITH MTPBI MHOTHX JHI. MBI OrpaHHYUMCS PACCMOTPEHH-
€M IapHBIX UIP. YYaCTHUKOB UI'PHI IPHHATO HA3BIBATH USPOKAMU.

Wrpa cocToUT U3 MOCIeNOBaTeIbHOCTH JEHCTBUI (X0006), KOTOpBIE TOIpa3-
JETSI0TCS Ha uyHble (COBEpIIaeMbIe HTPOKAMH OCMBICICHHO Ha OCHOBE HEKO-
TOPOTO TIpaBHJIa — CTPATETUH) U CyudiiHbie (HE 3aBHCALINE OT UTPOKOB). B Teo-
PHU HTP PACCMATPHUBAIOTCS CUTYalUH, B KOTOPBIX 00S3aTENbHO IPHCYTCTBYIOT
JIMYHBIC XOObI.

Cmpamezus urpoka — 3T0 HaOOp MPaBHII, UCIIOJIB3YEMbIX IIPH BBIOOpE OYe-
PEIHOTO JUYHOTO XO/a.

Ienbto Urpsl ABISIETCS HAXOXKICHUE ONMUMAILHOU cmpame2uu JUT KaxK/10-
0 WIpoKa, T. €. TaKOW, MPU KOTOPOH JOCTHUraeTCs MaKCHMYM OXXHIAEMOro
CpEeIHEro BBIUIPHIIIA MPH MHOTOKPATHOM MOBTOPEHHH UrphL. [Ipeamonaraercs,
YTO UTPOKHU BEAYT ceOsl pa3yMHO, HCKITFOYAKOTCS 3JIEMEHTHI a3apTa U pHCKa.

Omnpenenenne 5.1. Mampuunas uepa — 3TO apHas Urpa, KOTOpas 33/1aeTCs
HabopoM uucmoix cmpameeuti {1,...,n} u {l,..., m} TepBOro U BTOPOr0 UIrPo-

KOB, & TAKXE NIAMeNCHOU Mampuyerl (a,.j) ONpEAEISAIOIEH BBIUTPHILI TIEP-

mxn
BOTO MIPOKa IPU BHIOOPE MIPOKaMH CTpaTeruil i U j cOOTBETCTBEHHO. llenbio
MEPBOTO HrpoKa SBJISETCS MAaKCHUMM3alUs CBOETO BBIMIPHINIA, a LENbI0
BTOPOTO — MUHMMU3AIUS BBIUTPBIIIA IPOTUBHUKA.

Ipumep 5.1 («kaMeHb—HOXHHUIBI-OyMaray). Kaxxiplii UTpok BO BpeMs CBO-
€ro XoJja He3aBUCHUMO OT JPYroro BBEIOMpAET OJIHY M3 TPEX CTpaTeruii, Ha3piBae-
MBIX «KaMEHB», «HOKHHIBD) U «Oymaray. BelOpaHHbBIE cTpaTernn CpaBHUBAIOT-
csi. Ecnu oHM coBmanaroT, BRIMTPHIII NEPBOTO Urpoka cocrtasisieT 0 (HUYbs), B
MIPOTHBHOM ClTydae Mo0eXIaeT Urpok ¢ donee criibHON cTpaTterneil. «KameHb»
CUMTAETCS CHJIbHEE «HOXHHUID), KOTOPBIE, B CBOIO OUepeNb, CHIIbHEE «OyMarn»,
KOTOpasi CHJIbHEE «KaMHs». BBIMrpeI moOenuBIIETO HIPOKa COCTaBiseT 1,
npourpasmero —1. Ilnarexnas Marpuna B 3TOM ClIydae UMeEET CIeRyHOIuil
BHJ!

Urpoxk 2
«KameHb» «HoxHuAIBDY «bymaray»
«KaMmeHb» 0 1 —1
Hrpox 1 «HoxHHAITBD) -1 0 1
«bymaray 1 -1 0
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Ipumep 5.2 («BoopyskeHue u camosneT»). [IlepBbiii UTPOK BBIOMpAET OJMH U3
TpeX TUIOB BOOPYXkeHus i = 1, 2, 3, aApyroil — ogUH U3 TpeX BUAOB CaMOJIETOB
j=1,2, 3. [InarexxHas marpuua 3ajana Tabauen

i/j] 1 2 3
1 | 0506 08
2 1090708
3 107]05] 06

DeMeHTaMU aij IUIATEXKHOM MaTpulbl ABJIAKOTCSA BCPOATHOCTHU MOPAKCHUSL

caMolleTa BHJAj BOOpPYKCHHEM THIMA i. [enbo mepBoro Urpoka sBisieTcst mo-
pa’keHHE CaMOoJIETa, BTOPOTO — IPOPHIB OOOPOHBI IPOTUBHUKA.

5.1. PemieHue MATPU4YHOI UTPbI B YHCTBIX CTPATErusix

3aMeTHM, 4TO B UTpe U3 NpuMepa 5.1 HU y KOro M3 UrPOKOB HET MPUYHHBI
MPEANOYECTh OJHY M3 CTPaTeTHi APYIOH, MOCKOJIBKY Ha KaKAYI0 CTPaTErHio
OJTHOTO MIpOKa HaWAeTCst KOHTPCTpaTerus JApYyroro, obecreunBaromas ero Bbl-
WrphII (TIPHU YCJIOBHH, YTO OH 3HACT JIM yraJjall CTpAaTeTHIo nepBoro). B mpu-
Mepe 5.2 curyarust uHast. s 000MX MTPOKOB IeTIeCO00pa3HBIM SIBIIAETCS HC-
MIOJIb30BaHKUE YUCTBIX CTPATEruid i = 2 JUIs EPBOro U j = 2 ans BToporo. OTKIo-
HEHHE JIF000T0 U3 UTPOKOB OT YKA3aHHBIX CTPATETHH MOKET TOIBKO YMEHBIIUTD
€ro BBIMTPHIN. Pa3HWI@ B NPHBEAECHHBIX NPHMEPaxX OOBACHIETCS HATHMIHEM
BO BTOPOM IJIaTE€KHOM MaTpHILIE CEUIOBOM TOUKH.

Omnpenenenne 5.2. Cednosoti moukou MAtpuubl (d;; )y, Ha3bIBACTCS Takas

napa (iy,j,) HOMEPOB CTPOKU U CTOJIOLA, 4TO s JMOOBIX i =1, ..., muj =1,
... , 1 BBIIIOJIHAIOTCSI HEPABEHCTBA

a. <a. . <a. ..
Uy oJo IoJ

Taxum 00pasom, MEMEHT ¢, . B MATPHIIE C CE/UTOBOH TOUKOH (i, ji,) ABIA-
00

€TCsl OJJHOBPEMEHHO MaKCHMAJIBHBIM B CBOEM CTOJIOIE M MUHUMAaJIbHBIM B CBOCH
CTPOKE, 4TO M OOBSCHSET HELEeIecO00pa3HOCTh BHIOOpa JIIOOBIM M3 WIPOKOB
JIPYTOH CTpaTeruy.
[Tpyn pemieHnN MaTPUYHBIX UI'P UCHOIB3YETCS IPUHIAIT MUHIMAKCa.
puanun mMuarMmakca. [IpeamonoxuM, 4To MPOTHBHUK 3apaHee 3HAeT BCe
XOZbI CONEpHUKA. Toraa Ha KaXKAyro CTpareruto i = 1, ..., m OH OTBEYaeT Hau-

JydIuei KOHTpCTpaTeruen j(i), st KOTopoit a, , < a, miiseexj=1, ..., n.
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=mina,, i =1, ..., m. B onucaHHo#i cuTyalnuu Hau-

O6o3HauuM ¢’ =q.. .
! IO g jen

ij?

JyqIIel 9uCTOM CTpaTerueil mepBoro Wrpoka SIBISETCS CTPAaTeTwusl i, MaKCHUMH-
0 . .

3UpyloIas ¢; , KOTopas Ha3bIBACTCs MakcuMuKHoOU cTpaTerueil. Bennuuny

= max min a, = a,?_

I<i<m 1<j<n
Ha30BEM HUDICHEL 146H012 Uucpbl 6 YucCmovlx cmpamecusx. Ecmmn HCpBbIﬁ HUI'POK 110-
CTYNacT B COOTBCTCTBUM C MaKCHMHUHHOM CTpaTeFI/Ieﬁ, OH T'apaHTUPOBAHHO I10-
JIYYHUT BBIMI'PBIIT HC MEHEC ao HE3aBHCHMO OT )IeﬁCTBI/Iﬁ BTOPOT'O UT'PpOKaA.
O]_'[HaKO BTOpOﬁ HUI'POK, pPYKOBOACTBYACH aHAJIOTUYHBIMU COO6pa)K€HI/I$IMI/I u
0OCTaBasAChb B paMKaX YUCTBIX CTpaTeFHﬁ, JOJIZKCH MOCTYyNaTh Tak, 4TOOBI MUHH-
MU3UPOBATH BEINYUHY

0_ —_—
B; =a,;; =maxa

J 1<ism U
ITpu TakoM BEIOOpE CTpaTeTuy j, (MUHUMAKCHOU CTPATETHH BTOPOTO UIPO-
Ka) OH TapaHTHPOBAHHO MPOUTPAET He Oonee
0 _ - o
B’ =minmaxa, = f, .

1<j<n 1<i<m J
Bemnunna f 0 maswiBaeTcs 6epxneli YeHou uepbl 8 YUCMbIX CIMPAMezusx.
B nmpumepe 5.1 umeem a’ =1, ﬁo =1, T. e. HWXKHAA IIeHa MEHbIIIE BEPX-

Hell. B npumepe 5.2 monydaem cienyromnne 3Ha4YSHUS:
o’ =max e =max{0,5, 0,7, 0,5}=0,7=a},
1

f°=min B} =min{0.9. 0.7, 0.8)=0.7=7,.

Nmeem coBmaseHne BepxHEH M HIKHEH IEH WIPBl U CEUIOBYIO TOYKY
(ioajo) =(2,2).

3aMeTHM, 4TO HMKHSS LIEHa UIPhl HE MOXKET OBITh OOJIbIIE BEPXHEW B CHILY
CIeyIoUIei JTEMMBI.

Jlemma 5.1 (o makcumuHe W MmuHHMakce). s moboi gynkumu fx, v),
x € X, y eY cpaBe/yIiBO HEPABEHCTBO

max min f(x, y) < minmax f(x,y) -
xeX yeY ye¥  xeX

W3 37011 1IEMMBI BBITEKAET YTBEPKIEHUE.
YrBepxnenue 5.1. HeoOXogumMbIM M JOCTAaTOYHBIM YCIOBHEM DaBEHCTBA
HUDKHEW M BEPXHEU LIEH MAaTPUYHOHM UIPhl B YUCTBIX CTPATErUusX sBJIACTCS CY-
IIECTBOBAHNE CEJUIOBON TOUKH B IUIATE)KHOW MaTpPHUIIE (al—/-)

mxn*

CCZ[J'IOBaS[ TOYKa B ManI/I"IHOf/i Urpe OIpeaAcCa€T HCKOTOPOC IIOJOKCHHUC
paBHOBECHUs, KOTJa HU OAHOMY M3 UTI'POKOB HC BBIM'OJHO OTKJIOHATBHCA OT OITHU-
MaJlbHOU CTpareruu, €CJIu MPOTUBHUK IMPUACPIKUBACTCA CBOCH ONTUMAJIBHOM
CTpaTCruu. B ClIydac CylnieCTBOBaHUA Ce,[lJ'IOBOﬁ TOYKH BCPXHAA U HAXKHAA IICHBI
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UTPBI COBMANAIOT U HA3BIBAIOTCS YeHoU uepul. PelieHneM Urpsl B YMCTBIX CTpa-
TErusax Ha3bIBAETCSl HAXOXKJCHHE ONTHMAIbHBIX CTPATEerHid A KaXKAOTO U3 UTr-
POKOB U BEIYUCIICHHUE LIEHBI UTPBL. 3aMETUM, YTO PELICHUE B UUCTBIX CTPATETUSAX
CYIIECTBYET TOJBKO B TOM CIydae, KOT/a B IIATSKHOH MaTpHIE CYIIECTBYET
celIoBast TOUKa.

Hpumep 5.3. Hailtu pemieHus B YUCTBIX CTPATErHsIX, €CJIM OHU CYLIECTBY-
0T, ZUIS1 ITP CO CJICAYIOIIMMU MIaTSKHBIMHA MaTPULIAMU:

1 2 3 4 5
-2 0 1 1 2 3 -4

32 1 0 -1
a)| 3 4 5;6)|4 3 2 —-1[B) .

1 3 5 4 2
2 7 =2 03 1 -3

31 -1 0 2

Pemenue. a) HaﬁﬂeM HWJKHIOKO U BCPXHIOKO IICHBI UI'PBI B YUCTBIX CTpATC-
THUAX:

0 _ 0 _ A~ _ 0,
o’ =maxq, =max{-2,3,-2}=3=a,;
0 _ . 0 _ . A 0
B =min g, =min{3,7,5}=3= .
BepxHsisi 1 HWKHHE LEHBI COBMNAAAIOT, CIIEIOBATEIbHO, CYLIECTBYET peuie-
HUE UTPHI B YUCTBIX CTPATETUSAX. DTO pelIeHHe COOTBETCTBYET CEAJIOBOM TOUKe

i,=2 m j, =1, 1 3HAYCHUIO IUIATEKHOMW MATPULBI @, =3. ONTHMAaIbHEIE

CTpaTeruu HTPOKOB COOTBETCTBEHHO PaBHBI iy =2 u j, =1.

3amaun 6 ¥ @ MPEIIaTaloTCs B KAU4eCTBE yNPaKHEHNS.

3aMeTHM, 4TO B HEKOTOPBIX UTPax OJlHA U3 CTPATErnil MOXKET OBITh 3aBENO-
MO MEHee Iienecoo0pa3Hoii, uem apyras. Hampumep, crparerus i = 2 B urpe u3
npuMepa 5.3 a gaeT mepBOMY UTPOKY OOJBIIUI BBIMTPHIII, YeM CTpaTerus i =1
npu  gro0oM  BbIOOpE  CTpaTrerMd  BTOPBIM  HIPOKOM: a,, >a,,,
Jj =1, ..., n. 310 03HaUaeT, 4TO BTOpasi CTPOKA IJIATESKHOI MaTPUIBI JOMUHHU-
pYeT HepBylo.

Onpenenenne 5.3. Bynem roBopuTh, 4TO CTpOKa i} OoMuHupyem CTPOKY

[y, €CIIM JUIsl BCEX j = 1, ..., n CHpaBEJ/IMBbI HEPABEHCTBA @ > a, ; ¥ cymect-
1/ 2.

BYET TaKas CTpaTerus jo, 4T0 a,. >a, . -
170 2J0
Ecnu u3 nnarexxHol MaTpuiel yOpaTh BCe TOMHUHHPYEMbIE CTPOKH, TO pe-
LIEHUE UTPBI C MOITYYEHHONM MaTpULIEH COBNANAET C PELIEHUEM UCXOAHOM UIPHI.
Takum 06pa3oM, HHOTAa MOKHO YMEHBIINTH Pa3MEPHOCT TUIATEKHOW MaTPHUIIBI
IYyTEM yIAJIEHUSI JOMHUHHUPYEMBIX CTPOK.

AHaI0TM4YHO JOMHUHHUPOBAHUE ONIPEACTACTCA U IJI1 CTOJ'I6HOB.
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Onpenenenne 5.4. Cronben j, domunupyem cronber j,,eciau i J1000ro

i=1, ..., m cipaBeINBBI HEPABEHCTBA a, <a, W CYWECTBYET Takas CTpate-
rus iy, 9TO a, <a,,.
[TnaTexxHass MaTpuiia MOXKET OBITH YIPOILEHA TAKXKe C MOMOIIBIO yIAJICHUS
JIOMAHUPYEMBIX CTOJIOIIOB.
[pumep 5.4. Marpunps! u3 npumepa 5.3 a, 6 MOTYT OBITH YIPOILIECHHI Cle-
JTYFOIITUM 00pa3oM:

-2 0 1
a)| 3 4 s 2 2 )s)? 5—>(35)—>(3);
s 7 o) 27 -2 2 -2
1 2 3 -4) (-4
6) |4 3 2 —1|>|-1|>(-1)
031 -3) |-3

B marpurne u3 npumMepa 5.3 ¢ HET JOMUHHUPYIOIUX CTPOK U CTOJIOIOB.

IIpumep 5.5. PemuTs MaTpuuHyr UIrpy C IUIATEXKHOW MaTpuueil
(alj)mxn = (Z - .])mxn‘

Pemenne. PaccmoTpuM 1Be cTpoku ¢ HoMepamu i > k. Jlist moboro cronbua
J BBIIOJIHAETCS a,—a,=i—j-— (k—j)=i-k>0. Takum oOpaszom, CTpoka ¢
OONBIIMM HOMEPOM IOMHHHPYET CTPOKY C MEHBIIMM HOMEpPOM, M CTpOKa m
JOMUHHPYET BCE OCTalbHbIe. AHAIOIMYHO, €CIIM j >/ — ABa HOMepa cTonbua,

TO JuIs MoBoro i =1, ..., m umeeM a, —a, =i—j—(i—1)=1-j<0, T. e. cToN-

Oery ¢ OONBIIMM HOMEPOM JOMHUHHPYET CTOJOIBI C MEHBIIMMH HOMEPaMH.
B pesysbraTe mosydaeM ONTHMAaIbHbIC YUCTBIX CTPATETUH iy = M, J, =H, LeHa
WTPBI PaBHA v =a, =m —n.

Kak MBI BUIMM, HTPBI C MaTPHL[AMH, B KOTOPBIX CYIIECTBYET CEIOBast TOY-
Ka, PEeHIalnTCcs JOCTATOYHO MPOCTO. B crienyromux pasmenax Oymer paccMOTpPEeH
Gosee OOIIMIA CITydail pPEIICHUsI 3314l — TAK HA3bIBAEMOC PEIICHHE B CMEUIAH-
HbIX CMpamezusix.

[anee Oyzmem mpenmonarath, 4TO B IUIATEXKHBIX MAaTPUIAX paccMarpuBac-
MbIX HTP BCE BO3MOXKHBIC YIPOLICHHS YK€ MPOBEICHBI M JOMUHUPYIOIIUX CTPOK
U CTOJIOLIOB HeT.
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5.2. CMemaHHbIe CTpaTeruu

Ecmu cemnoBast Touka B IUIATEKHOW MaTpHIle OTCYTCTBYET, TO PELICHHUS
B YHCTBIX CTPATETHSX HE CYIIECTBYET. B Taknx Cilydasx WIIyT pEIICHHUE HIPHI
B CMEIIAHHBIX CTPATETHSAX.

Omnpenenenne 5.5. CumewanHo cmpamezuetl Ha3bIBalOT POU3BOIBHOE Be-
POSITHOCTHOE paclpesieieHNe Ha MHOKECTBE YHCTBIX CTPATETHH:

p=(pi.p,)eP,=1p1 DD, =1 p,20¢,

i=1

n
q=(4,...q,)€0,=4q1D.4,=1, 4,20
Jj=1
HpI/IMeHeHI/Ie CMCIIIaHHBIX CTpaTeFI/Iﬁ O3Ha4dacT llepe):LOBaHI/Ie YUCTBIX CTpa-
TeFI/II7I COTJIaCHO UX Bep0HTHOCTﬁM HpI/I MHOFOKpaTHOM HOBTOpeHI/II/I I/IprI. Hﬂa-
TCIKHaA (byHK]_II/IH HpI/I 5TOM OHpeI[eJ'IHeTCH KaK MaTEMaTH4YCCKOC OKHNJaHUEC BbI-
UIPHIIIA [IEPBOTO UIPOKA MPH MPUMEHEHUA UTPOKAMU CMEIIAHHBIX CTPATErHii p

nqupasna B(p,q) =" > a,pq; -
i

B CcoOTBEeTCTBHMU € NMPUHIMIIOM MHHUMAKCa Kbl UIPOK JIOJKEH BBIOH-
paTb TaKyro CMCHIAHHYIO CTpPaTCeruro, KOTopas MaKCUMU3UPYET €Iro HAUMCHb-
IIMHA TapaHTHPOBAHHBIA BBIMTPHIII. AHATOTHYHO CIYyYard WCIONB30BAHUS YHC-
THIX CTPaTeTWil HAMMEHBIIWN TapaHTUPOBAHHBIN BBIUTPHINI TEPBOTO HIPOKa
Ha3bIBACTCS HUJICHEU YeHOU Uepbl U PaBEH

a=maxa(p)=maxmin E(p,q).

peh, pely,  qel,
AHAJIOTUYHO ONPENCISICTCS 6ePXHSS YEHA USPbl
S =min f(q) =minmax E(p,q).
9€0, q<0,

€0, pek,
OCHOBHBIM PE3yJIbTaTOM TEOPUH MAaTPUUHBIX UTp ABIsSETCA TeopeMma 5.1.
Teopema 5.1 (pon-Hetimana). B nro0oii MaTpu4HOIA Urpe CyIIECTBYET TaKas
Mmapa cMermaHHbIX crparernii (p*,q *), 4TO

1) E(p,q*) £ E(p*,¢*) < E(p*,q) nns mobsix p e Py, g€ Py;
2) a=p =E(p*.q%).

Yucno v = E(p*,q*) HaseiBaeTcs yenoii uzpbl 6 CMEUAHHbIX CIMPameusx.

ITo Teopeme Qon-Heiimana mobas MaTpuuHas Urpa UMeeT Iapy ONTUMAalb-
HBIX CMEUIaHHBIX cTpareruii. st permenust MaTpUuHOM TPl HEOOXOIMMO OTHI-
CKaTbh 3TH ONTUMAJIbHBIE CTPATETHH U LICHY UTPBHIL.

Omnpenenenne 5.6. Uncras cTpaterusi Ha3bIBae€TCS aKmMuGHOU, €CIM OHA HC-
MOJIB3YETCs] B HEKOTOPOW ONTHMAIBHON CMEIIAHHOW CTPaTerny C HEHYJIEBOU
BEPOSITHOCTHIO.
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Teopema 5.2 (06 akTHBHBIX cTparerusx). Eciu oJiMH U3 HIPOKOB HCHONIB3YET
ONTHUMAJIbHYIO CTPATEruIio, TO €TO MPOTUBHUK JIOCTUTAET IIEHBI UTPBI V IIPH JFO-
0olf cBOEH CMEIIAHHOW CTPATETnH, B KOTOPOH HCHOIB3YIOTCS TOJIBKO aKTHBHEIE
YHUCTBIC CTPATCTUH.

apn

Ipumep 5.6. [Ins wurpel, 3aJaHHON MaTpulleH 6e3 cenoBoi

ay dxp
TOYKH, HAUTH ONTHMAJIbHBIE CMEIIIAHHBIE CTPATEIHU U I[CHY UTPBI.
* * *
Pewenue. Ilycte p” =(p,, p,) — ONTUMaIbHAs CTPATETHs MEPBOIO UIPOKA.

B cuity TeopeMbl 00 aKTHBHBIX CTPaTErHsiX, €CIM IEPBBIA UTPOK HCHOJIB3YeT
ONTHUMAJIBHYIO CTPATErnio, TO BTOPOH JOCTUTACT LIEHBI UTPHI V IPH JIt000i1 cBO-
el CMeLIaHHOW CTpaTeruy, B KOTOPOH HCIOJIb3YIOTCS TOIBKO aKTUBHBIE YHCThIE

ctpareruu, Hanpumep npu ¢' = (1,0) u ¢° = (0,1).
3anuchIBast I HAX BBIPAKCHHS COOTBETCTBYIOMICH IIEHBI HIPHI, OTyYaeM
Vi = allpl* + a21p; =V,
v, = alzpl* + azzp; =V
¥, YYUTBIBas COOTHOIIEHHE p; + p, =1, UMEEM CHCTEMy M3 TpeX ypaBHEHHii

C TpEMA HCU3BCCTHBIMU, PCIIUB KOTOPYIO, HAXO UM

* dy —dy Lo a1 —ap
pl = s p2 = 5
ay —ap —ax tay ay —app —ax tay

Ay ay) —appdy

V= .
ay —ap —ap tay

ITomenss HUT'POKOB MECTaMH U MPOBEASA aHAJIOTUYHBIC BBIYMCICHUSA, ITOJTy4da-
€M BBIPDAXKCHUA T ONTUMAaIbHOU CTpaTCruu BTOPOro UIrpoka:
* ay — 4y [ a,, — 4y
ql - s 612 - .
a,—a, —a; +ay, a, —a, —a, +a,

Paccmorpum urpy 2xn. HalizeM ONTHMaJIbHYIO CMELIaHHYIO CTpPAaTEruio

* * o
HepBOro Urpoka p*=(p,, p,), Ha KOTOPOH TOCTUTAETCS] MAKCUMYM
a(p)=min E(p,q) > max -
q€0,, peh,

[Monoxum x = p,,1-x=p;,0<x<1.06030aunM [ (x)=a(p). Torma no
TeopeMe 00 aKTUBHBIX CTPATETHIAX

n
S(x)= {IIE%HZ[Q]/ + (azb,‘ _a]j)x]qj = gg} Vj(x)>
S
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rae v;(x)=ay; +(ay; —a;;)x, j =1, ..., n. B urore nony4yaem 3ajady MaKkcH-

MH3alui MUHOPAHTHI ceMeiicTBa TMHEHHBIX QyHKIuH B mHTepBate (0, 1):

min v (x) > max.
1<j<n O<x<1

HOCKOJ’ILK}’ HU3BCCTHO, 4YTO pl*,p; >0 u MHHOpAHTa ceMelCTBa JIMHEHHBIX

(yHKIMI BOTHYTa, HENPEPHIBHA M KYCOYHO-JIMHEHHAs, TO €€ MaKCUMYyM Ha OT-
peske (0, 1) nocturaercst B 0HOM M3 BHYTPEHHUX TOYEK M3JIOMa M MOXET OBITH

Haii/ieH 3a BpeMs O(nz).
ITycTh MaKCUMyM MHHOPAHTBI JIOCTUTACTCS HA IIEPECCUCHUH MPSMbIX
v (x) mv, (x) (puc.5.1).

fix)

Vj 3 (.X)

ka—] (X)

Puc. 5.1

Torpga nmst pemieHnst UTpsl JOCTATOYHO PACCMOTPETh MAaTPUUHYIO UTPYy 2Xx2c¢

o B Yy
Marpuuen | - ‘
Djiy D2
Ipumep 5.7. PemmuTs MaTpU4YHYI0 UIpPy C IUIATEXKHOW MaTpulel
4 2 3 -1

-4 0 -2 2
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Perenye. 3anuiuiemM ypaBHCHHS IPSMBIX V;(x) :
Vi(x)=4-8x, v,(x)=2-2x, v3(x)=3-5x, v,(x)=-1+3x.
MakcuMyM MHHOPAHTHI JIOCTHTaeTCsl Ha ITIEPEeCeUeHHH TNpsMBIX Vi (x) u

v,(x) (puc. 5.2), noaToMy /UIsl pELIEHHs] HCXOHOM 32124l UCTIONIb3YEeM MaTpy-

4 -1
iy :
4 2

4 r4
3 r3
2 r2
17 !
0 > >
_1A2=% .y x
ot L -2
3t =3
4t v —4

Puc. 5.2

IIpuMeHsIs OyYeHHBIE paHee (POPMYJIBL, OIYdaeM
6 5 38 4
*= T T *= _30903_ V="
P [11 11jq (11 11) 11

Urpa mx2 pemraercs aHAIOTHYHO CBEACHHEM K 3aJade MUHUMH3ALUN Ma-
YKOPAHTHI M JIMHEWHBIX QYHKIMNA. 3aMEeTUM TarkKe, 4YTO UTpa C IUIaTESKHOW MaTt-

puueit 4=1(a;) CBOJUTCA K UTPE ¢ MaTpULEeH (— AT) HNEePEeCTaHOBKOH UIpo-

mxn

KOB, a UTpa m X2 CBOJIUTCS K UTpe 2 X A.
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5.3. MeTton ¢pukTHBHOrO po3birpsima bpayna—PoduHcon

Wnes mMerona 3akiroyaeTcst B HOOYEpPETHOM BBIOOPE KON CTOPOHOW Hau-
JyqIIeld 9uCTOM CTpaTernu MPOTHB HAOIIOAAEMOTO SMIIMPUYECKOTO pacipesie-
JICHUS! YHCTBIX CTPATETuii MPOTHBHUKA.

Ha nepBom mare mpoTHBHUKH BBIOMPAIOT IPON3BOJIBHBIE YHCTHIE CTPATETHN

U j; COOTBETCTBEHHO. IIycTh MPOTHMBHMKAMU Ha MEPBBIX NN IIarax mnocueno-

BaTENIFHO BBIOMPAJINCH CTPAaTETuu sty enesdy) T (Jiy Joseens Jy) H x,,N,yj.V

KOJIMUECTBO ILIArOB, Ha KOTOPBIX MEPBBIM M BTOPHIM HMIPOKaMHU BHIOHpaMCh

CTpaTerun I I/I] COOTBCTCTBCHHO. O‘IGBI/IﬂHO ZX Zy] N. O6o3HauuM
i

N

OTHOCUTEJIBHBIE YaCTOThI IIPUMCEHCHUSA CTpaTeFPIfI iu ] qgepes plN :#

N
uq; 27’. Takum oOpa3zom, Ha KakJoM mmare N nMeeM HaOI0JaeMble CMe-

LIAHHBIE CTpaTeruu pN =(plN,...,p,],\,') u qN =(qlN,...,q,]1v). DTH BEKTOPHI

OIIPEe/ISIIAIOT IMIIUPUUECKOE paclpeelIeHle CTpaTeruii mocie nNepBbIx N IMIaros.
Ha mare (N + 1) BoIOUpArOTCsl TAKUE YUCTBIE CTPATETHHU iy, U jy,y, YTO

n n
"= =2 4, 4)
@ lrgi‘i; a,jq] = LYy
J=1 J=1

n n
N _ N
pY=mind a;p =3 a; pi
=] i=1

YacToThl CTpaTCFI/Iﬁ MEPECYUTHIBALOTCS 10 CJIICAYIOINUM (bOpMyJ'IaMZ

NplN 1#1 N;V EN
pN+1: N+l’ N+1° qu+l= N+1’j ]N+]9
' NpX+1 Ng'+1 .

N—’ =1y, > J = Jnu-

+1 N+1

ABTOpaMI/I METOAa AOKAa3aHO, 4YTO C pocTOM N BMHI/IpI/I‘IeCKI/Ie pacnpeﬂene-
HUA CXOOATCA K OIITUMAJIBHBIM CMEIIIAaHHBIM CTpaTCFI/IHMZ
N N
v . v . v_a +pf
p—)p,q —)q uv ——2 —> V.

MeTon MpoCT B ONMUCAHUM U pealu3aliu, CI0KHOCTb OJHOW UTEpalMU CO-
craBisier O(n+m). HegocTatkoM MeToa SIBISCTCS €ro MEJICHHAS HEMOHOTOH-
Hasi cXOAMMOCTb. Ha mpakTuke OoCTaHOBKa alrOpUTMa MPOUCXOAMUT IOCIE BbI-
MIOJTHEHUS TOCTaTOYHO OOJIBIIOTO YUCIIA HTEPAIIHiL.
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Hpumep 5.8. Bemonuuth 12 urepanuii Mmerona bpayna—PoOuHcoH [t pe-
HIEHUS] MATPUYHON UTPHI C IUIATEXKHOW MaTpHULen

Pemenye. 3anuieM M3MEHEHHE SMITUPUUECKUX PACHPEICICHUH Ha KaXI0M

11are anropuTMa.

Warl. ;=1 j=1=p"=(1,0,0), ¢ =(1,0,0).

U_[aFZ. 0{1=3, 1223 p2=(1/2,0,1/2) V1=a1+ﬁl=2
B =1 j,=1 ¢*=(10,0) 2
2 _ . _ 2
Ular3. @ =3 =3 p *=(1/3,0,2/3) a + :2:2,25.
B =312, j,=3|q"=(2/3,0,1/3) 2 4
;o— — 3
Wara, @ =7/3. i;=3|p"=(1/4,0,3/4), . a'+p IRLEN
B =4/3, j,=3]q"=(1/2,0,1/2) 2 6
— R — 4 4
Mlars. @ =5/2, is=2|p _( /51/5,3/5) . _a'+p _ 1875,
B=5/4, j;=3| ¢°=(1/3,0,2/3)
5 . 6 _ 5 5
Ular6. @ =8/3, i,=2|p 6_(1/6,2/6,1/2) s '+ p <2133,
B’ =8/5, j =3 ¢°=(1/4,0,3/4)
6 _ L 7 _
IMlar 7. a6—11/4, i,=2|p 7_(1/7,3/7,3/7) S 2,201,
pe=11/6, j,=3| ¢’ =(1/5,0,4/5)
7 _ s 8 _
[llar 8. a7—14/5, iy =2 p8 =(1/8,1/2,3/8) V7 2,257,
B =12/7, j,=2|¢4"=(1/6,1/6,2/3)
Ha ,IlaJIbHeﬁLHI/IX rarax noJjry4acm CJICI[yIOH.II/Ie 3HAYCHU.
Vi 2,02, v’ ~1,98, v'" ~1,875, v'' ~1,984, v'* ~2,208.
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A
iy L
N . |/ A/

1.8

Howmep urepauuu
11
1 2 3 4 5 6 7 8 9 1011 12

Puc. 5.3

U3 puc. 5.3 BUAHO, 9TO MPOIIECC HE MOHOTOHEH, ITOATOMY €TI0 OCTAHOBKA 110
kputeputo | v — vV | < & me koppekTHa.

Ynpaxuenus

1. TTepBBIit UTPOK 3aragpIBacT Mr000€ 1enoe grcio ot 1 10 3. Bropoit urpok
JIOJDKEH OTrajaTh 3TO 4Kcio. Ecii BTOpoi UTpoK yKas3bIBaeT YMCIIO MPaBHIBHO,
OH TIOJTyYaeT BBIUTPHIII, PABHBIM 3HAYCHUIO 3TOTO YMcia. B mpoTuBHOM ciydae
3TOT BBIMTPBIII TTOJTy4YaeT NEPBbIA UTPOK.

a) OnpenesnuTe YNCIO CTPATETHI HTPOKOB U COCTaBbTE IIATEKHYIO MATPUILY
3aJauH.

0) Onpenenute HIKHIOI W BEPXHIOKO LIEHY UrPhl. Y CTaHOBHTE, CYILIECTBYET
JIM B JAaHHOM HUTpe pelIeHNe B YUCTHIX CTPATeTUsIX.

2. Pemute MaTpUyHBIC UTPBI B YUCTBIX CTPATETUAX I MaTPHIL:

1 2 -1 30 (2)1_1
a)22021;6)311_3
21 1 71

52 2
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3. PewmTh MatpuuHyIo Hrpy ¢ Matpuueit (a,),,, = (/) +g())) _ -

4. Pemuth MAaTPpUYHBIC UTPBI B CMCHIAHHBIX CTPATCIUAX:

_ 1 23 3 -1 1 21 =2
a)(l 3j;6)011—2 25B|[3 2 1 3|
36 2 1 123 3

5. OcymectButs 10 urepammii MeTofa (UKTUBHOTO pO3bIrphima bpay-
Ha—PoOMHCOH /17151 pereHust MaTpUYHON UTPBI

I -1 3
2 1 -3
2 3 1
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